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The aim of this contribution is to solve (partially) the problem 

Nr. 3 from Smolenice ([1], pe 157). 

The graphs considered are finite, non-directed, without loops and 

multiple edges. The completeness-number w(G) of the graph G 

is defined as follows: 

Definition 1: The system 6 of the complete sub- 

graphs of the graph G = { V,E)> covers G, if every vertex 

ve V and every edge e € E belongs to some subgraph F € 6. 

The smallest cardinality of the system 6 covering G is cal- 

led the completeness-number of the graph G and denoted by 

w(G). 

Dr. SuLIK, who formulated the problem, asked 

1) to find a non-trivial algorithm for the determination of 

w(G) 

2) to determine the relations between w(G) and the other fun- 

damental characteristics of graphs. 

What follows, deals with the second half of the question. It is 

possible to construct to a given graph G a new graph G', such 

that w(G) = x(G') where x denotes a chromatic number. In order 

to carry out the construction an auxiliary notion is needed. 

Definition 2: Two edges er eo of the grapı G are 

quasineighbours, if @, + eo and G41 en both belong to a cer- 

tain complete subgraph of G. 
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The two possibilities for edges es 8 to be quasineighbours are 

shown at the figure 1. 

e, 

Fig. 1 

& 7 6 

Note: Let G= (V,E),vé¢V, G, = (VU {v}, BE); let v 

be an isolated vertex of the graph Gye Then obviously, 

w(G,) = u(G) + 1. 

On investigating the completeness-number of the grapı G we 

are enabled, according to the note above, to pass over to the 

graph which is obtained by removing the isolated vertices of 

the graph G. 

Let G = ( V,E) be the graph without isolated vertices. We shall 

denote by G' = ( V',E') the graph, which satisfies the follo~ 

wing conditions: 

Condition 1: The edges of G correspond uniquely to 

the vertices of G' (let us denote the one-to-one mapping of the 

set E onto the set V' by @). 

Condition 2: The vertices vi v4 of the graph G' 

are connected by a certain edge in G' if and only if the corre- 

sponding edges, i.e. os) and own) are not quasineigh- 

bours in G. , 

If G is an arbitrary graph without isolated vertices, then ob- 

viously there exists just one graph possessing the required pro- 

perties (with the exception of isomorphism). 

Now, the following theorem may be easily proved ({2]): 

Theorem: Let G be the graph without isolated vertices. 

Then w(G) = x(G') , where G' is the graph satisfying the 

conditions 1 and 2 and x(G') is its chromatic number. 
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Note: Let G, = ( V,E) be an arbitrary graph. There need not 

always exist such a graph G that G' = Gye The necessary condi- 

tions for the existence of such a graph is the following 

Condition 3: The intersection of an arbitrary system of 

maximum (in the sense of inclusion) complete subgraphs of the 

graph Gy bas a number of vertices equal to some of the numbers 

0, 1, 35 200 4 k(k-1),... » Here co is the complementary graph 

of G, considered without loops, by the intersection of the sy- 

stem consisting of one maximum complete subgraph we understand the 

subgraph itself and the numbers 0, 1, 3, «see, 3 k(k-1),... deter- 

mine the number of edges in a complete subgraph of the order 

1, 2, weey Ky 0... 

Obviously, the condition 3 is not sufficient. 

Let us call the edges Cqreees &% € E independent, if no two of 

them are quasineighbours, The question is, what is the maximum 

number of independent edges of a graph G without isolated verti- 

ces. One can easily show, that it is never greater than w(G), 

since no two of independent edges can belong to the same complete 

subgraph. Actually, if w(G) < 4, then the maximum number of in- 

dependent edges is equal to w(G). On the other hand, there is a 

graph G having at most 4 independent edges such that w(G) = 5 

(cf. fig. 2). 

Fig. 2 
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