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How Many Edges should be Deleted to Make a
Triangle-Free Graph Bipartite?

P. ERDOS, E. GYORI and M. SIMONOVITS!

ABSTRACT

In this paper we shall prove that if L is an arbitrary 3-chromatic graph
and Gy, is a simple graph on n vertices not containing L, and having at least
2
n 2
— —o(n
= —o(n?)
edges, then it can be made bipartite by throwing away at most
n’
25
edges. This was known for L = K3,

— o(n?)

Let us call a graph pentagonlike if we can colour its 5 classes so that the
vertices coloured by i are joined only to vertices coloured by 1 £ 1 (mod 5).

In addition to the above assertions, we shall prove that under the above
conditions, there is a “pentagonlike graph” H,, with e(Hyn) = e(Gp) for which
we have to delete more edges than in case of Gy, to make it bipartite. We shall
also prove a related stability theorem, according to which, if D(Gn) denotes
the minimum number of edges to be deleted to make Gn bipartite, then cither
D(Gpn) < D(Hp)—cn? (i.e. Gp is significantly better than H,, — though they
both may be far from any bipartite graph, — or the structur

e of Gn is very
near to that of a pentagonlike graph.
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Notation. Below, we shall regard simple graphs, i.e. graphs without loopsg
and multiple edges. Given a graph G, e(G), v(G) and x(G) will denote
the number of edges, the number of vertices and the chromatic number of
G respectively. Besides, in case if a graph is denoted by a capital letter
with a subscript, (like G,, H,, Sk, ...) the subscript will always denote the
number of vertices. K, will denote the complete p-graph, C, the p-cycle.

For a graph G, N(z) and d(z) will denote the neighbourhood of a
vertex = and its degree. Sometimes we shall have two graphs at the same
time: G and a Z C G. In such cases we will occasionally use subscripts to
indicate, which graph are we speaking about: Nz(z) and dz(z) will denote
the neighbourhood of z and its degree in Z.

Given a graph L, with v = v(L) vertices, ai,...,a,, and the integers
ni,...,Nn, > 0, then the graph L[n,,...,n,] is defined as follows: the ith
vertex of L, a; is replaced by n; new, independent vertices, forming a set
A;,(1=1,...,v) and we join in L[n,,...,n,] a vertex © € A; to a vertex
y € A; iff a;a; is an edge in L.

As a special case of this, take H = Cfs, i.e., denote by H[n,,...,ns]
the pentagonlike graph with n; vertices in its ith class. We shall write

Hny,...,ns] ~ Hnj,...,ng] fni +...+n5s =ny +... +n5; = n and
n; —n; = o(n). ?

We shall use a “distance” to describe the structure of a graph G: D(G)
is the minimum number of edges representing all the odd cycles of G, or,
in other words, the minimum number of edges to be deleted to turn G into

a bipartite graph. Similarly D,(G) is the minimum number of edges to be
deleted to turn G into a p-colorable graph.

K(n,,...,n,) will denote the complete p-partite graph with n; vertices
in its 7th class.

Given a graph L, ext(n, L) denotes the maximum number of edges a

graph G, of order n can have without containing I as a (not necessarily
induced) subgraph.

2 To be precise, this makes sense only if n — 0o, and mostly we shall regard large
but fixed n’s, where we should rather speak of € and 6. ..
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1. Introduction

To start with, below we occasionally disregard the “integer parts”, or other
similar “divisibility nuisances” in our formulas.

The results of this paper can basically be motivated in three different
ways: by three different (though not too distant) problems.

(A) It is well known [1] that for every graph G
D(G) < 5¢(G). M)

In general this is sharp (apart from some error terms). Thus e.g. (1) is
sharp for the complete graph, or (more generally), for random graphs with
some fixed edge-probability p > 0. We are interested in the question, under
which natural extra conditions can (1) essentially be improved.

(B) If a graph is bipartite, it cannot contain triangles. It is known, (see
e.g. (3], [4], [10], [6]) that graphs having almost ext(n, K3) edges and not
containing K3’s can be changed into a bipartite graph by deleting relatively
few edges. The question to be considered here is:

Given a graph G,, of n vertices and E = e(G,) edges, at least how many
edges are needed to be deleted to make G, bipartite?

There are many conjectures (mostly due to Erdés) asserting that in
some similar cases the following graph is the “extremal” one: we put n/5
vertices into 5 classes Uy, . .., Us and join each vertex of U; to each vertex of
Uy (i=1,...,5 Us = U;.) One of the most intriguing open conjectures

in this field is

1
Conjecture 1. (Erdés) Prove that if K3 ¢ G, then D(G,) < 55”2’ ie.

)| : "
one can delete < %nz edges of G, to end up with a bipartite graph.

This problem is motivated by the fact that H, := Cs[n/5,...,n/ 5]
contains no K3 and :
D(Hﬂ) = %n?.
Being interesting on its own, this problem would also have some applications
related to the remainder terms in the Erdés-Simonovits Theorem [8], as well.
(See also [10,2].)
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This conjecture is proven for
-
e(G',,,) 2 —5—
(see below) and the following (other) weakening is also known, [7].

Theorem. If K3 € G,, then

"

D(G,) < B8535
for some (calculable constant) 6 > 0.
In fact, Erdés, Faudree, Pach, and Spencer [7] proved that

Theorem. For every triangle-free graph G with n vertices and m edges

1 2m(2m? — n?) 4m? }
D(G,) < max {Em " EE—m) T W (2)

1 1

Since the second term of (2) decreases in lgnz,-inz} , and its value is

1 1
exactly —n? for m = gnz, therefore (2) implies that if
2
e(G,) > % (3)
i
and K; Z G,,, then D(G,) < %nQ. Again, by (1), it is trivial, that if

2n?
G(Gn) S ‘55_ (4)

1
then D(G,) < 2—5~n2. However, the general conjecture is still open: the

middle interval on? -
n n
—2—5— 4 e(Gn) €. —5-

is unsettled.

(C) Our third starting point was the following problem. In Conjecture
1 we try to estimate D(G,) in terms of n, the number of vertices. It is
much more natural to try to find estimates which use functions of e(G) or
functions of e(G) and v(G), to bound D(@). (Actually, one of the main
goals of [7] is to give estimates on D(G) in terms of e(G) or in terms of both
v(G) and e(@G).) Erdés first thought that
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Conjecture 2. If K3 € Gy, then D(G,) < %e(Gn).

This would be sharp e.g. for the pentagonlike graph ... However, later
Erdos has disproved this, by proving in [2] that there exists an infinite
sequence of graphs H) such that K3 ¢ H, and

D(Hy) > (% — o(l)) e(Hy) as k — 00,

One natural way to try to save Conjecture 2 would be to add the extra

condition that G, has many edges: e(G,) > e¢n? for some constant ¢ > 0
while n — oo.

This natural conjecture is unfortunately also false. We shall disprove

this weaker conjecture using the “random construction” of Erdés, mentioned
above. We shall prove

Theorem 1. For every € > 0 there exists a constant ¢ = ¢, > 0 such that
for infinitely many n, there exists a G,, with e = e(G,) and K3 € G,, with
e(G,) > c.n?, for which

D(G,) > (% _ e) .

This is sharp in the obvious sense (guaranteed by (1)).

Our main tool to prove Theorem 1 will be to regard graphs of form
Lg[n; ...,n.] and show that to make such a graph bipartite by deleting the
minimum number of edges we may always find an edge-deletion where the
fact if we delete an edge or not depends only on the classes of its endpoints.

Definition 1. Canonical edge deletion. Given a graph Hy and the inte-
gers ny,...,ng, put G, = Hilny,...,ng]. We shall call an edge-deletion
canonical if for each pair of vertex-groups of GG, either we delete all the
connecting edges or none of them. (In other words, the resulting G’ has
the form G' = H'[ni,...,ni], for some subgraph H" C H. This implies,
among others, that - to determine D,(G),) we have to check only a bounded
number of cases, independently of n.)

The main goal of this paper is to show that for any fixed 3-chromatic L,
for every graph G, not containing this L and having sufficiently many edges,































































