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ABSTRACT 

In: this survey paper we discuss the stochastic behavior of certain classical 
problems in Diophantine Approximation, and point out some connection to 
Combinatorics. As an illustration, consider the sequence k/2 (mod .1) where 
k= 1,2,3,.... Let 

ZA(a;ysn)=|{1Sksn: kV¥2+2€ [0,y) (mod 1)}}. 

Let D(z; y;n) = Z(z;y;n) — ny be the “error term”. Then we have a Central 
Limit Theorem: 

t 

volume ¢ (2, y, ze (0, 1)? : D(z; y; [zN]) ett o 1 / w/e du. 

/ lox NT v2 
12” 2 log (1+” 2) * 

uniformly for all t as N — co. We outline the proof of this result in Sections 
2-4. 

  

1: Introduction 

The irrational rotation Tr = z+ a (mod 1), where a is-a fixed irrationak: 

number, is perhaps the most important example of an ergodic system with
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discrete spectrum. These systems behave “almost periodically” in the sense 

that for infinitely many n’s, T” is arbitrarily close to the identity. In other 

words, for appropriate values of n and for every measurable set A, T"A 
differs from A by very little. 

An entirely different, opposite phenonemon is that of strong miz- 

ing, defined by the condition that for every set A, the measure (i.e., the 
T-invariant measure) of AMT" A is close to the square of the measure of A 

for all sufficiently large values of n. These systems all have purely continuous 

spectrum. A very important subclass is formed by the systems with count- 

able Lebesgue spectrum. The basic example is that of a Bernoulli shift which 

corresponds to a stochastic process of infinitely many, identically distributed 

random variables. It is well-known that many important classical ergodic 

systems with countable Lebesgue spectrum possess random behavior (e.g. 

ergodic automorphisms of the n-dimensional torus, the geodesic flow on a 
Riemannian manifold of constant negative curvature, billiard systems and 

other dynamical systems from the mathematical theory of “chaos”). What 

is more, these systems, from the point of view of ergodic theory, actually 
are the same as Bernoulli shifts (Ornstein’s theory). 

We can prove the rather surprising result that even certain “almost 
periodic” systems possess randomness. Namely we have a non-conventional 

Central Limit Theorem for the irrational rotation Tz = z+ a (mod 1) 

where a is a real quadratic number (like 2). A fundamental difference is 
that the renormalisation factor is very small: due to the strong dependence 

between the consecutive members T"z and T"+!z = Tz + a (mod 1) of 

an orbit {T"z.: n € Z}, to get limit distribution, we have to normalize by 

Vlog N instead of VN which is the usual normalization for systems with 
countable Lebesgue spectrum. 

Let us recall some classical results on the distribution of the sequence 

n-a (mod 1). It was probably P. Bohl [3] who first published the re- 
markable theorem that for any irrational number a, the sequence n- a is 

equidistributed modulo one. A few years later Hardy & Littlewood [9] and 

Ostrowski [13], independently of each other and at the same time, studied 
the discrepancy function: for any subinterval I C [0, 1), let 

D.(K;1) =|{1<n<K: t-ae€I (mod 1)}|-K-|II, 

and write 

Aa(N)= max sup |Da(K;J). 
1S K<N_ I€[0,1)
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It is easy to see that a sequence n - @ is equidistributed (mod 1) if 

A, (N) = o(N). (1.1) 

It turned out that the asymptotic behavior of A,(N) as N — co 
heavily depends on the sequence a;,02,43,... of partial denominators in 

the continued fraction expansion of 

@=a+ 

a+ 

a2 +   

ag+.. 

Let #7 = 1,2,3,... be the sequence of convergents of a. Suppose that 

a<N < Ge+1, and write a3,, = x. (Note that a3,, < @,41 +1, so aj, 
can be interpreted as a sort of “truncation” of a,,,.) Now the theorem is 

as follows (see Hardy & Littlewod [9], Ostrowski [13], Vera T. Sés [19}): 

Ci (a, +a2+...+@,+034,) < Aa(N) < Co(aitagt+...+a,+43,,), (1.2) 

where 0 < C, < C, are absolute constants independent of a and N. 

The sum (a; + a2 +... +a, + @;,,) assumes its minimum (at least in 

asymptotic sense) on the class of numbers 

a - ag ht 

a1 tk 
1 

a2 tk... 
  

for which a; = O(1) uniformly for all 7. These are the so-called badly 
approzimable numbers, since for them |a— űl > 4 for any rational number 

B. If a is badly approximable, then by (1.2), 

C3-log N < A,(N) < Cy - log N, (1.3) 

where the constants C3 and C, depend only on a but are independent of N. 

Comparing (1.1) and (1.3), we see that badly approximable numbers quite 

“overdo” the relation A,(N) = o(N). 

(1.3) estimates the L™-norm of the discrepancy function D,(K;J) as 

1 < K < N and I C (0,1). The L?-norm is much smaller: applying the
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Parseval identity, it is not hard to show that if a is a badly approximable 

number, then with 

_ 18,7); ifB<y (8,7) = { (2,1) U 0,7), if B>7, 

N 1 pl 2 

Cala) Tog N < 55 [ [ (Da (K:I(B,9))) d 8 dy c Cs(a) - log N. 

For a very similar argument, see Davenport [4]. That is, the L?-norm of 

D.(K;D) is about const - vIogN. This explains the normalisation factor 
Vlog N in Theorem 1.1 below. 

The most important examples of badly approximable numbers are the 

real quadratic numbers (like /2). Indeed, by a well-known theorem of 
Lagrange, the real quadratic numbers are precisely those numbers 

  

1 
a=Ag + 

a 
it aQg+... 

for which the sequence a1,@2,a@3,... of partial denominators is ultimately 

periodic — see Hardy & Wright [10]. 

Let a be a real quadratic number, i.e., a = 7, + Vd-rz where 7,12 #0 

are rational numbers and d > 2 is a square-free integer. To formulate our 

3-parameter Central Limit Theorem, we use the following notation. Given 

O<z2<land0<y <1, let 

Z.(K;2;y) = |{l1<n< K:na+z€ [0,y) (mod 1)}}. 

The expected value of Z,,(K; 2; y) is clearly K-y, so we study the distribution 

of the discrepancy function 

DAK; 2;y) = Za(K; ayy) - Key 
as 1<K<N,0<2<1,0<y<land N—oo. 

For notational convenience, we define.the discrepancy function D,(K;2; y) 

on the unit cube [0,1)° as follows: for every w = (wi,w2,ws) € [0,1)%, 

write K = w, -N,x = we, y = w 3, and so 

D,(K;2;y) = Da(wi + N; we; ws). 

We can prove that the discrepancy function has a “stochastic behavior”.
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Theorem 1.1. For every real quadratic number a there is a positive con- 

stant Cy = Co(a) such that the renormalised function 

Da (wi - N; we; ws) 
‘a,n (W) = + — Tan (w) Cy - Vlog N 

has a limit distribution, namely the standard normal distribution: 

D,(wiN; we; ws) et) 
Co-VlogN 7 

, W- (w1, We, W3) E [0, 1)", 

volume {w — (wi, w2, wz) € [0,1)* : 

uniformly for all t, -oo < t < co as N — oo. 

Remark. For example, if a = /2, then Cy = (12/2 log(1 + V2))7?/?. 

Our basic idea is to simulate the behavior of the discrepancy function 

D,(K;2;y) (and D,(a,b;c), see Theorem 2.1 below), by that of a sum of 

suitably defined almost independent random variables. Namely, we shall 

show that the discrepancy function (see (1.2)) 

D,(K;2z;y) © +a, +a. +...+0,+4),, (1.27) 

asl<K<WN,0<2<1,0<y <1. This kind of stochastic behavior 

in “deterministic” problems like the distribution of lacunary Fourier series 

or additive arithmetic functions was well-known already in the 1930’s and 

40’s (e.g. Salem and Zygmund [14] proved a Central Limit Theorem for 

“Hadamard gap” series, or the famous Erdés-Kac theorem on the numbers 

of prime divisors [6], see also Elliott [5]). However, the possibility of proving 

“randomness” for almost periodic systems somehow escaped attention. 

Now we explain why we cannot expect a simpler 2-parameter (or 

1-parameter) Central Limit Theorem here: Fix an interval I = [0,y), and 

study the asymptotic behavior of the densities 

measure {z € [0,1): Da(n;x;y) <A} as n— 00. (1.4) 

If Pm /Gm is a convergent of a, then 

1 k 1 : 

|a— Pm/dm| < oo sO |ko — kPm/Qm| < Te S o- as 1<k<an.- 
m Im m
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Therefore, kpn/qm (mod 1), 1<k< qm are exactly the equidistant set 

0,1/dm, 2/dm,+++s (@m — 1)/4m 

in another order. So if n = g, then D,(n;x;y) = O(1) uniformly for 

all x and y. This means that there are infinitely many special values of 
n when D,(n;2;y) is uniformly bounded. To obtain any reasonable limit 

distribution, we have to take, therefore, an average of (1.4) as n runs in an 

interval, for example, 

1<n<N. (1.5) 

The next observation is that, beside the special values of n, there are 

infinitely many special values of y (in fact, a dense subset of [0,1]) when 
D,.(n; x;y) = O(1) uniformly for all n and x. Indeed, let e.g. y = a (mod 1), 
and in general, let y € {ma (mod 1): m & Z}. (Note that in view of a 

well-known theorem of Kesten, these are precisely the values of y for which 

sup,,z |Da(n;2;y)| = O(1).) So to obtain a limit distribution, we need a 

second average of (1.4) as y runs in an interval, for example, 

0<y<1. (1.6) 

Now Theorem 1.1 says that conditions (1.5)-(1.6) are already sufficient 

to get a Central Limit Theorem. 

It follows from (1.2’) that for an arbitrary irrational a we cannot expect 

any Central Limit Theorem. Not even for almost every a. Instead of giving 

a detailed proof of this. negative result, we just mention here the following 
limit theorem of Kesten [12] as a sort of explanation (||y|| is the distance of 
y from the nearest integer): 

~~ 

a N 

2 (Ilka + a] - a) 17 dt 2, kel gs - | — area 4 (a,x) € [0,1)": log N Ste } Tee 
——— 

with an effective absolute constant p, uniformly for all t as N — oo. 

In other words, if a varies in [0,1), then we have the “pathological” 

Cauchy distribution in the limit. The proof uses the metrical theory of 

continued fractions and Fourier analysis.
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In contrast to the normal distribution, the Cauchy distribution has 

neither variance nor mean. This is quite natural since the square-integral 

(“variance”) 

1 1 N 1 2 

If (ra - ) da dz = const - N 

0 0 

is much-much bigger than the norming factor log N. 

Now let us return to Theorem 1.1. 

In Section 2 we show that Theorem 1.1 is equivalent to a lattice point 

problem: the asymptotic behavior of the fluctuation of the numbers of 

lattice points in tilted rectangles of slope a. Next we study the asymptotic 

behavior of the numbers of lattice points in tilted hyperbola segments. 

Consider e.g. the inhomogeneos diophantine inequality 

IInv2— al] < (1.7) 
where ||y|| means the distance of y from the nearest integer, and z,c are 

fixed real numbers. Write f(z;c;.N) for the number of integral solutions n 
of (1.7) satisfying 1<n<N. 

If = 0 and c = 3, then ‘ 7) becomes 

\InV2|| < x = | v2 — =| < a (1.8) 

A classical theorem in diophantine approximation gives that in (1.8), & = 
Fei ie., @ is a convergent of V2. It is well-known that the convergents Ph 

of V2 are (k = 0,1,2,...): 

pe = 5 {14 VO + (1 var}, 

a= 55 {+ VIM - 1 - va}. 

Since the convergents Ps = ™ really satisfy (1.8), we obtain 

log N 

log(1 + V2) 

that is, the number of solutions of (1.8) behaves like const - log N with 

a bounded “error term” (a rather deterministic behavior). We can prove, 

f(z =0;¢= 5; N)= +0(1), (1.9)
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however, that as parameter z varies in the unit interval 0 < x < 1, the 

function f(z) = f(z;c;.N) has a stochastic behavior. We can prove, among 
others, a Central Limit Theorem and a Law of the Iterated Logarithm. 

First observe that, as x varies in 0 < x < 1, the mean value of f(x;c; N) 
is 

1 

[te c; N)dx = 2clog N + O(1). (1.10) 
5 I 

Indeed, 2clog N + O(1) is the area of the truncated hyperbola domain 

|2y? — 2?| <2V2e, 1<y <N,z>0. (1.11) 

In contrast to (1.9), for a typical x € [0,1), the discrepancy : 

f(z;0;N) — 2clog N | 

has oscillations of average order log NV as N — oo. We first formulate a 
Central Limit, Theorem. 

Theorem 1.2. For every positive constant c there is another positive con- 

stant 0 = a(c) > 0 such that 

f(a;0; N) — 2clog N 
t 

1 2 
0,1): <t — -w/2g mes {2 fn: Ee St} ~ ay [ ram 

uniformly for all t as N — oo. Here mes stands for the one-dimensional 
Lebesgue measure. 

The second result gives a very precise information on the order of 

magnitude of the maximum fluctuation of the discrepancy 

F(x;¢;N)—2clogN (N - oo) 

for almost every x € (0, 1). 

Theorem 1.3. For any positive c50, 

lim sup f (x30; N) — 2clog N _ 

Nos Vlog N : Togloglog N 

F(z;e;N)—2clogN _ 
lim inf — —V2. 
NE Vlog N - log log log N 7 

V2-o, and
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for almost every x € {[0,1). Here o = o(c) > 0 as in Theorem 1.2. 

Remark. Of course, the proofs of Theorems 1.2-1.3 work for any inequality | 

(see (1.7)) 
c 
Z c IlInvd - zi 2 where d- is not: a perfect sguare . 
n n 

As a sort of explanation for Theorems 1.2-1.3, we insert here the follow- 

ing simple heuristics. Let f,(x) denote the number: of sólutions n of (1.7) 

satisfying e* 1 <n<e* (k=1,2,...,logN). We have 

log N 

f(zie;N) = >> f(z), 
k=1 

and so 
log N 

f(a;¢,N) -2clogN = }~ :fi(z), (1.12) 
k=1 

where f, (x) = f(a) — 2c. Now the key observation is that the functions 

f,(z) (1 < k < logN) are “weakly independent random variables”, and 

' the sum on the right-hand side of (1.12) has some similarities to the initial 
segments 

  SS. sin(2xn,2), THI > \>1, 
nk 

k=1 

of an Hadamard gap series. 

For an arbitrary irrational 0, let go(x;c;.N) denote the number of solu- 

tions n of the inequality 

Ind — al] < <, 1<n<N. (1.13) 

In 1964 W.M. Schmidt [15] studied the behavior of gg(z;c;N) as N — co 
for almost every 6 and for every x € (0,1), and gave the following upper 

bound: 

go(x;c; N) — 2clog N = O( Vicg N - (log log Nye). (1.14) 

We have to tell that Schmidt dealt with a much more general problem, 

not just the one-dimensional ineguality (1.13), but.in this paper we restrict 

ourselves to the simplest case. 

For almost every 9 and for almost every x -€ [0,1), we can give the 

following more precise information.



32 J. BECK 

Theorem 1.4. For any positive c > 0, 

. go(x;c; N) — 2clog N 
lim sup —————*>_—__> _ 

N- so Vlog N - (log log N)2** 

go(z;c;N)—2clogN _ 

Vlog N-loglogN 

for almost every 6 and for almost every x € [0,1). | 

=0Q but 

lim su 
Noo p 

One of the motivations of our research was the following lattice point 

problem of Sinai, which came out from an exciting attempt to justify a 

hypothesis in “Quantum Chaos” (see Sinai [17], [18]). 

Let D C R? be a bounded domain which is symmetric with respect 

to both coordinate axes, and assume the boundary I of D in the positive 

quadrant xz, > 0, x2 > 0 is the graph of a strictly monotone decreasing 

smooth function (see Fig. 1). 

  

    
Figure 1. 

For simplicity suppose that area(D) = 1. 

Let AD = {Ax € R? : x € D} and AT — (Ax : x € T} denote the “blow 
up” of D and I, resp., of linear ratio A. Denote by S),. the strip bounded by 

the curves (A+ 35 )I and AT, that is, S,,. = (A+ 3)D\AD (set-difference).
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We have 

GY \. e 
area(S),<) = ha) — A =etaG cas A— oo. 

So the expected number of lattice points in the strip S),, tends to c as c is 

fixed and A — oo. 

For every integer k > 0 and “large” real number N, let 

D(D; c; N) — x -mes{A € (0, NI : ISx.e 1 Z?| = k}. 

Sinai’s problem. Find an analytic domain D such that for any c > 
0,p%(D;c;N) tends to the Poisson distribution as N -+ oo, that is, for 

alle > 0, 

im pe (D;c;N) =e°° -c*/k! (k =0,1,2,...). 

Note that Sinai [18], and refining his ideas, Major [20], proved that some 

“Wiener process like” domains D satisfy the requirements, but their func- 

tional analytic approach does not even give a twice differentiable domain. 

We are not very optimistic about a positive answer to Sinai’s problem, and 

in fact we suspect that such an analytic domain D might not exist. Our 

very first idea, therefore, was to study hyperbola segments instead of strips 

(A+ £)D\\D as better candidates for “randomness”. 

Consider the “compressed” hyperbola segment (see (1.13)) 

|[n6 — zi] c 1<n<QN, (1.15) 

  

c 

n;logN’ 

and let he(x;c; N) denote the number of solutions n satisfying (1.15). Com- 

paring (1.13) and (1.15), we see that 

c 
he(z; c; N) — ge (=: oy) . 

Note that the area of the following domain (where (y, z) € R?, and Tr, c 

are fixed) 

    <y0-r—z< 1<y<N,z>0, 
ylog N ylog N’ 

tends to 2c as N. — o00..
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Fheorem 1.5. For every integer k > 0, let 

"a; c; N) — mes(z € [0,1) : he(x;c; N) =k}. 

‘Then 
2c , (2e)* 

k! 

for almost every 0.:In particular, if 9 = Vd where d is not-aiperfect square, 
then (1.16) holds for all c. —— 

im ax (6;¢;N) = = (k=0,1,2,...) (1.16) 

. Finally, we return to (1.7), i.e., 9 — V2, and-study!the “extra large 
"deviations" of the discrepancy function f (x; c; N) — 2c-leg\V as 0.< 2 <1. 
We recall a 9) and (1.10): 

log N 
fe=e= BN) =O + O(1), and 

1 

[ tee= 3; N)dz = 2- ; -log N + O(1) = log N + O(1). 

0 

Since oe) > 1, we obtain an “extra large deviation” result: 

1 

omax f(ajc= nN) ~ [ t(se= ji) dz >const-logN. (1.17) 

0 

We can prove (1.17) for any c > 0, and in both directions. 

{Prpposition. For every c > 0 and every N > 2, 

pmax f(a;¢;N) - [re c;N)dz >7-logN, and 

OSaS1 
min :f(x;c; N) — f fia Nas <r tog, 

0 

"where the positive constant tT = T(c) > 0 is independent of N. 

What we ini.fact can prove is a much more general “almest: van der 

Waerden theorem”. Let & : Z? 6 {—1,+1} be an arbitrary 2-coloring of
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the lattice points. We introduce the notion of upper and lower density of 

WY. The width of a rectangle R = (a, b] x [a,b] will mean the length of its 
shorter edge: width (R) = min{b— a,b’ — a’}. The upper density ud(¥) of 

the 2-coloring W is 

: ; aden (a) 

ud(w) = widt [de sup ~ area(R) 7 

and the lower density Id(V) of © is 

2 vm) 

1d() — width LE soo inf Sea) , 

where R is taken over all possible rectangles [a, 6] x [a , b]. 

Theorem 1.6. Let V : Z? — {—1,+1} be an arbitrary 2-coloring of the 
lattice points. Let H = H(c,e ) denote the hyperbola segment 

ja? —2y?|<c,l<r<e%,y>0 

of area 72 N + O(1). Then there is a translated copy H +v of H by a real 

vector v € R? such that 

> U(n) > (ud(¥) +c’) - area(H), 
n€Z?2n(H+v) 

and there is another translated copy H + u such that 

9). — V(m) < (1d(®) — c’) - area(H), 
néZ2n(H+u) 

where the positive constant c' = c'(c) > 0 is independent of N. 

It is easy to see that the Proposition above is a trivial corollary of 

Theorem 1.6 with ¥ = +1. 

Note that Theorem 1.6 has some similarities to the well-known van der 

Waerden theorem. The 2-dimensional form of van der Waerden theorem is 

as follows: given any 2-coloring of Z? and any integer N > 2, there exists a 
monochromatic N x N square sublattice of Z?. The main difference is that 

in: van der Waerden theorem translation means integral translation only, 

and we have 100% discrepancy not just some constant % discrepancy what
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we have in Theorem 1.6. On the other hand, in van der Waerden theorem 

we have no control on the diameter of the monochromatic N x N square 
sublattice, and huge magnification is the heart of the proof. In Theorem 

1.6, however, we achieve linear size discrepancy with translated copies only. 

Note that real translation is crucial in Theorem 1.6, because if we just allow 

integral translations, then in view of the Lovdsz Local Lemma [7], we cannot 

guarantee more than N? - /log N discrepancy instead of the best possible 
const - N what we have in Theorem 1.6. 

Theorem 1.6 is an analogue of a well-known theorem of Sidon in the 

theory of lacunary Fourier series. Let 

  

N 
. n 

f(t) — 2b -sin(27 n, +t) where 7 >A>1. 

Then by Sidon’s theorem, 

N 

max |f(t)| > cy > [bx |, (1.18) 
O<tS1 

k=0 

where the positive constant cx depends on A only. 

Note that this is not just a formal similarity. We can in fact save the 

proof of (1.18), and use its idea to prove Theorem 1.6 (we call it “Roth- 

Haldsz method”). For a similar argument, see Beck [1]. 

The rest of this paper is devoted to an outline of the proof of Theorem 
1.1 (which is the hardest result). For a better understanding, we just deal 

with the particular case a = /2 with Cy = (12V2log(1 + V2))"1/?. For a 
complete proof, see Beck [2]. 

2. A lattice point problem 

Theorem 1.1 is essentially equivalent to the following lattice point result: 

Let So(a,b;c) denote the tilted rectangle which can be obtained from the | 

aligned rectangle —a/2 < 2, < a/2,—b/2 < ro < b/2 by a rotation of angle 
8 = tan ‘a and a translation of c € R?, i.e., the size is a x 6, the slope is 

tan 3 = a and the center is c. Let Zs(a,b;c) be the number of lattice points 

in S,(a,b;c). The expected value of Zs(a,b;c) is clearly the area = a- b.



RANDOMNESS AND A RAMSEY PROPERTY OF THE HYPERBOLA 37 

  Let A = vier and B = /1+a?-N (soA-B=N). We study the 

distribution of the discrepancy function . 

Do5(a,b;c) = Zs(a,b;c) —a-b 

as0<a< A= yee, 0<b<B=~Vita?-N, c= (c1,¢2) € R® and 

N — oo. 

Again we prefer the unit cube, so for every w = (wi, Wa, Wz, Wa) in 

(0, 1)*, let a — wi : A,b — we : B, cs — Wz, cz — wa, and we get Ds(a,b;c) = 

D5(wi " A, wa : B; wz, wa). We actually formulate a Central Limit Theorem 

with an explicit error term. Of course, tan? plays the same role here as 

that of a in Theorem 1.1. 

Theorem 2.1. Let tan’ = a be a real quadratic number. Let A= Tro 

and B = V1+oa2N. Then there is a positive constant Co = Co(a) such 

that the distribution of the renormalised function 

Do(wi - A, we - B; wz, wa) 

CoVlog N 

is close to the normal law in the following quantitative form: 

Dy(w,: A,we- By ws, ws) < iS _ 

CoVlogN ~ 

, we (0,1),   go,n (w) = 

volume ív = (w1, W2,W3, wa) € (0, 1)*: 

t 

1 2 1 — — u" /2 _ 

Ta | ° u+0( cen) 

where the implicit constant in O(...) depends only on Ú. 

Theorem 2.1 = Theorem 1.1 

  

To prove this implication, we first study the following intermediate problem. 

Let £ = CL, be the tilted lattice {(ia — j,j) : (4,9) € Z?} and let P,, denote 

the parallelogram {(0,0), (a, 0), (—1,1), (a — 1, 1)} — see Fig. 2. 

Let S(a,b;c) = [cy — a/2, cs + a/2] x [cz — b/2, cz + 6/2] be the aligned 

rectangle of size a x b and centered at ¢ = (ci, C2). 

Let Z(a,b;c) be the number of elements of Ca in S(a, b; c), and write 

D(a, b;c) = Z(a,b; ce) — s. 

Note that area(Pa) = a.
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SX. 
SA 

Figure 2. 

     
e e. 

  N } ÖN 
paratlelogram P, 

Theorem 2.2. We have 

2 nn (0,1)? xP, ; Diwrrte + Biws, wa) st] 
Cy - flog B 

t 

e 2g 

“Te | . 
uniformly for all t as B > oo. 

We claim: Theorem 2.1 > Theorem 2.2 = Theorem 1.1. 

First we show that Theorem 1.1 follows from Theorem 2.2 with B= 

a: N. 

By definition, 

Z(a,b;o) —[((ij) ez? : ia — j € [c1, cs 4 a], j € [c2,c2 Hb]. 

Since 0 < a < 1, for every i € Z there is at most one j € Z such that 
ia —j €[c1,c, +a). Hence 

Z(a,b;c) =|{t€ Z: 3jÉZ such that (2.10) 

ta—Jj€l[ei,c, +a) and 7 €[co,co+b]}|= 

=|{i€Z: ia€[e,,c, +a) (mod 1), 

4€ [(c1 +2)/a, (c1 +c2 +)/a]}|+O(1).
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Fix an z € (0,1). Let M,, M2 be “large” integers, to be specified later. 

Clearly 

mes (ci € [—M,, Mi]: c: =x (mod 1)} = 2M, + O(1). 

For every m € Z, let 

E(z,m) = (ez € [—M2, M2]: Je. €[~Mi, M;] 8. t. (2.2) 

c, =z (mod 1), ((c1 + c2)/a] = mh. 

We have 

2M,a+O(1), — if lm] c M2/a — O(M;) 
_ J O(Mia), if Mz /a—O(M,) < |m| < 

mes E(x,m) = < My/a + O(M;) (2.3) 

0, if Im] > M,/a+O(M;). 

Combining (2.1) and (2.2), we have, with m = [(c, + c2)/a] (integral part), 

Z(a,b;c) = {i € [m,m+(b/a)] NZ: ia € [z,z +a) (mod 1)} + O(1), 
(2.4) 

provided c,; = x (mod 1) and c2 € E(z,m). 

Since m <i < m+ (b/a), we have 

ia=ma+ka where k=i-me {0,1,2,...,[b/a}}, (2.5) 

and so, with «” =z - ma (mod 1), 

ia € [z,z +a) (mod 1) = > ka € [5 ,7 4 a) (mod 1). (2.6) 

Therefore, by (2.4)-(2.6), 

Z(a,b;c) = kk € {1,2,...,[b/a]}: ka—z" € [0,a) (mod 1) }[+0() = 

= Z,([b/a];—2" 5a) +O(1), (2.7) 

where 

c, =x (mod 1), m= [(c1 +c2)/a], cz” = x — ma (mod 1). |
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Now fix x” € (0,1) and a € (0,1), and let 

F(z" ,a) = {(c1,¢2) € [-M1, Mi] x [-Ma, Ma] (2.8) 

ci ET 3 [(ci + c2)/ala (mod D]. 

By (2.7) and (2.8), for every c € F(x" , a), 

Z(a, b; c) = Z,([b/a]; ~x" ;a) + O(1). (2.9) 

To estimate the size of F(x" ,a), we use (2.2) with m = [(c; + c2)/al : 

F(x" ,a) = Ee" +ma,m). 

By (2.3), - 

mes F(z" ,a) =2Mia-(2M2/a) + O(M?) = | (2.10) 

Since 
D(a,b;c) = Z(a, b;¢) — ab/a, and 

Do (n; u; a) — Za (n; u; a) — an, 

by (2.9) and (2.10), for every 0< a <1, 0<b< Na, 0<uK<1, 

(4M, M2)" "mes fe € [(-M,, M] x [—Mz, Mo] : D(a,b;c) = 

Da([b/a); u;a) ro] -140 GE) . (2.11) 

Now the last observation is that the rectangle (— M1; Mi] x [-M2, Me] 

contains 4M, M. 4M, M. 1 1142 _ 1442 a). 
a + O(M2) = — (1 +O (sz)) (2.12) 

disjoint congruent copies of the fundamental parallelogram P,. Combining 
(2.11),(2.12) with Mz = M? — oo, and Theorem 2.2, Theorem 1.1 follows. 

The implication Theorem 2.1 = Theorem 2.2 is even simpler. Let T 
denote the linear transformation on R? with 

  

T(a,0)=(1,0) and T(-1,1) = (0,1). (2.13)



RANDOMNESS AND A RAMSEY PROPERTY OF THE HYPERBOLA 41 

  

      

  

Figure 3. 

  

Figure 4. 

Then TP, = [0,1)? and TL, = Z’. By (2.13), 

7(0,1) = 7 ((1,0) + (-1,1)) = (4,0) + 0,1) = (4,1), 
so we have tan 3 = a (see Fig. 3). 

In Theorem 2.2, 0 < a < 1, so we just make an error of size O(1) by 
replacing the parallelogram on the right-hand side of Fig. 3 with a tilted 

rectangle (see Fig. 4) of size a’ x b', where 

2 1 2 

= ee sand = | *9 a 

oa l+a® V1i+a? a? 
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slope= F 

c=(C;, C2) 
  

Figure 5. 

Therefore Theorem 2.2 (and so Theorem 1.1) follows from Theorem 2.1 

with A = vrizr and B = (aN)- ite = V1+a?N. So it remains to 
prove Theorem 2.1. 

We restrict ourselves to the particular case tan? = a = /2. Just for 

convenience, let: $(a, b,c) denote the tilted rectangle (see Fig. 5) which can 
be obtained from the aligned rectangle (0, a]. x [0, 6] by a rotation of angle 

1 tan! vg and a translation of c (i.e. the lower left corner of S(a, b, c) is 

located at c and the slope is v5): Similarly, let 

Z(a, b,c) = |S(a,b,c)NZ? and D(a,b,c) = Z(a,b,c)—a-b. (2.14) 

Since Dy(a,b;c) with 0 = tan”! /2 and D(a,b,c) have exactly the same 

distribution as c runs over {0,1)?, it does not make any difference to study 

D(a, b,c) instead of Dg(a,b;c). So from now on we have: 

0<a<A=V3N and 0<b< B= (2.15) 

We conclude this section with some simple but very useful geometric 

observations. 

Definition 1. A bounded measurable set S C R? is called exact if every 

translated copy S + v,v € R? of S contains exactly area(S) lattice points. 

For example, [0, 1)? is exact. In general, half-open lattice parallelograms 

(i.e. the four vertices are lattice points) are clearly exact (see Fig. 6). Among 

the four vertices T,U,V and W, only T belongs to the border.
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Figure 7. 

Let TUVW be a lattice parallelogram, and let V", W* be points on the 

line VW such that UV" and TW” are parallel (see Fig. 7). We call the 

half-open parallelogram TUV* W’* a weak lattice parallelogram. Since the 

triangles TWW* and UVV*~ are congruent and TU is an integral vector, 

weak lattice parallelograms are exact. This fact explains our attempt to 

approximate the tilted rectangle S(a,b,0) (see Fig. 8) by a disjoint union 

of O(log NV’) weak lattice parallelograms.
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     slope = Fr 
  

0 origin 

Figure 8. 

3. A geometric decomposition (or how to find the almost 

independent random variables) 

We define a special representation of the “weakly horizontal” side length a 

of S(a,b;c) (see Fig. 8) in the form 

a= 2, 6:(a) -r(ö), (3.1) 

‘where for all but one value of i, ő;(a) — 0 or 1 or 2, and r(i) sz const - 

(1+ V2)‘. Representation (3.1) is a sort of analogue of the usual decimal 

system but the scale is (1+ 2) instead of 10 (the irrationality of (1 + V2) 
is responsible for many technical difficulties in the rest of the paper). 

The precise definition of (3.1) goes as follows. The sequence Be of 
convergents of 

1 

  

v2=1+——— 

a 

is 2 = +, fi — 3,2 — 7, and in general (see e.g. Hardy & Wright [10]): 

p= 5 {0+ vO aa — vay}, (3.2) 
a= oR fa + V2) _ (1 _ V2) } . 

We sball later use the following well-known identities: 

Di42 — Wis. + Di, Gre — 2diri ta; (i2 0); (3.3)
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pe — qf =(-1)*" (20); (3.4) 

DiniGi — GtiPi =(—-1)' (i 2 0). (3.5) 

Definition 2. For every 1 > 0, let r(i) be the inner product of the vector 

(p:, a) and the unit vector (2 , 75), see Fig. 9, that is, 

BV2 E di | 
r(i) = 5 (3.6) 

    

  

(pid ) 

  J = 
Figure 9. 

By (3.3) and (3.6), 

r(i+2)=2r(i+1)4+r(i) (i2 0). (3.7) 

Let n be defined by 

r(ín) S A <r(n+1). (3.8) 
~ (log)? 

Since A = /3N and r(n) sz a: (1 + V2)"*!, we have: 

log N 
= ————_  — O(loglog N). 

log(1 + V2) (log log N)
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Write 

L= A (integral part).and A=L-r(n+1) (3.9) 
~ [r(n+1) orev par’): ~ , , 

Clearly - 

L < (log N)/7, A< A and A-A=O apr) (3.10) 
a (log N)#/7 

Remark. In view of (3.10), it is enough to prove Theorem 2.1 in the special 

case A = A. Indeed, the error term in Theorem 2.1 is O ((log N)"*/7). 

To get representation (3.1), we extend the sequence r(i) over negative 
values of 7 to achieve r(—i) —» 0 as i — +00. We have to break rule 
(3.2) at ¢ = —1 (indeed, otherwise we get p-; = 1,q-1 = 0 and p-; = 

(—1)**pi-2,9-¢ = (—1)'qi-2 fori > 2, and so r(—i) = (p-; V2+q-i)/V3 > 
00 as i — +00 instead of the required relation r(—i) — 0 as i + +00): let 

p-1 =0,q-1 =1, and p-) =(-1)'4i-2,4 = (-1)" 1 pj-2 for i> 2. 

(3.11) 
For every i > 1, define r(—i) precisely by (3.6), i.e., 

r(-i) = p-iV¥2+4q-; 

V3 

Then r(—1) = Ye, and for i > 2 (see (3.2), (3.4) and (3.11)), 

(i>1). (3.6’) 

  r(—i) = CV a-av2 it CD Bi-2 = AY (G-2V2- Pen) = 
V3 v3 

_ (-1) . 2q7-2 — Pí- 2 - (-1)* . (-1)* - 

V3 gi-2 V2 + Di-2 V3 (1+ V2)i-2 
1 

V3(1 + V2). 

By (3.3) and (3.11), the column vectors satisfy 

(2)-2(0)+(2) +2) = di do q-1 q-2 

(e) = 2o(P i) + (6) i>2. 

q-i+2 q-i+1 q-i 

  

(3.12)
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Thus, by (3.67), 

r(1) =2r(0) + r(-1) + r(—2), and (3.13) 

r(—i + 2) =2r(—i + 1) + r(—i), i 2 2. 

It follows that every real number a € (0, A) can be expressed as 

a=Ka)-r(n+i1)+ > 6(a)r(é) (3.14) 
“0 <iSn 

where 0 < l(a) < L is an integer, 6;(a) = 0 or 1 or 2 (~co < i < n), if 

6;(a) = 2 and « 0 then 6;-1 (a) = 0, and if 69(a) = 2 and 6-;(a) = 1 then 
6-2(a) = O (see (3.13)). Observe that this representation of a € [0, A) is 

unique if we ignore the countable set of a’s for which the tail of the sequence 

6;(a),t — —oo is a periodic....2020...2020.... So (3.14) is unique for 
almost every a € (0, A). 

Definition 3. A tilted rectangle'T of slope vy is called-spectal (see Fig. 10) 

if the supporting lines of the sides of T parallel to y = —s/2z contain a 

lattice point each. 

      
   

special 
rectangle 

Figure 10. 

According to (3.14), consider the following sequence of lattice points: 

0= (0,0) (Dn-r1 99n+1 ), (2patt »29n+1 ), sees (l(@)Pn41 (aan), 

(I(a)Pn41 + jPn,l(a)qn +399n), 0<j< 6,(a), 

(1(@)Pn41 +6, (@)Dn +IPn-1 Ua)dnsi + 6n(@)dn+5dn-1), 0< 7 S6,-1 (a),
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and in general: 

(U(@)Pa4a + > 5:(a)p;+JjpK Ua)ang1 + Ss; b:(a)ai+Jqn), O< J S bx (a). 
i=k+1 i=k+1 

Drawing straight lines through these lattice points which are parallel 

to y = —V/2z, we get a decomposition of S(a,b, 0) into disjoint special 

rectangles (see Fig. 11): 

S(a,b,0) =(T1,, UV... UT) (TL UT) UL... 
n+1 

UT UTERO yu... (—00 <i-<n). 

    

S(a,b,0) 

  

Figure 11. 

(3.15) 

   

Here we use the convention that T} U Te) = @ if 6;(a) = 0, and the 
abbreviation: T? = T?(a,b,0). Write 

Vas (a,b, 0) = Try (a, 6,0) U... U TAG} (a, 6,0), 
and for —co <i<n, . 

V;(a, b, 0) = T? (a, b, 0) UT (a, b, 0). 

Then 

S(a,b,0)= |) Vi(a,6,0), 
~o <ien+1 

and with V;(a, b,c) = V;(a,b,0) + ¢ (translated copy), 

S(a, b,c) = U V;(a, b,c). 
oo <iSn+1 

(3.16) 

(3.16”) 

(3.17) 

(3.18)
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Figure 12. 

For every —0o <i <n+1, let Z;(a, b,c) denote the number of lattice points 

in V,(a, b,c). Clearly 

: _ fl(a)-r(nt+1)-6,  ift=n+1 

area (V;(a,b, ¢)) = (tg :r(i)-b, if —co <i<n. 

Let 

(3.19) 

A,(a, b,c) = Z;(a, b,c) — area(V;(a, b,c)), -oo<ign+], (3.20) 

then we get a decomposition 

D(a,b,c)= SY Aj(a,b,c) (3.21) 
-o <i<n+1 

of the discrepancy function. 

We shall later use the following simple observation. , 

Lemma 3.1. Let IC (—0o,n] be an interval of consequtive integers. Let 

a and a’ be in [0, A) such that 6;(a) = 6;(a’),i € I. Then 

> Z:(a,b,c) (or 3. Di(a,b,c)) and 
jel 4eI 

> Z:(a',b,¢) (or D7) Di(a ,b,e)) 
tel ser 

have the same distribution as c runs over the unit square [0, 1)?. 

Proof. Let I = {k,k—1,k—2,...}, and let w and "7 be the components of 

the vector W = (I(a)Pni1 + > 6:(a)p;, U(a)dnt1 + 2. 6;(a)q;) parallel 
i=k+1 i=k+1 

to x = /2y and y = —V2z, resp. (see Fig. 12).
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Similarly, let 7 and 7 be the same kind of components of w = 

(U(a’ )Pn+1 + x 6; (a )pi, (a )dny1 + > 6; (a )qi). 
t=k+1 i=k+1 

Then, from the definition of V;(a, b,c) is follows that 

‘ Vi(a, b, -@) = Vi(a’, b, -7), itel, 

whioh, implies the lemma. I 

\We, just want to keep O(log N) terms on the right-hand side of (3.21). 
We need 

Lemma 3.2. Let T be a rectangle of slope v5 and area(T) < 4. Then 

ITN Z| <1. 

Proof. Suppose the contrary that there are (at least) two lattice points in 

T (see Fig. 13). ‘Then there are integers p,q (p? + q? # 0) such that 

- , 2 1 ; 1 2 

  

  

  

    

  

  

  

Figure 13. 

We have 

LS area(T) > |a'|- |6'| = |? pv2+q_ pv2—a) |gv2—p] _ 
18 V3 pv2—q V3 

_ 2p? - | |av2—p| 5 1 |av2- P| 
3 pv2—q|~ 3|pv2—q       
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Similarly 

1 _ 1|pV2+¢q 
— > -|—=— |, and so 
18 ~ 3 qv2+p. 

1, max qVv2—p pv2+4q (3.22) 
6 pv2—q| |av2+p 

= max V2—c JV2e+1 

: V2c—1|'| V2+¢ 

where c = p/gq. If |c| > 1 (including the case g = 0), then 

Vide +1). (V2= Mle _ v2-1 1 (3.23) 
V2+ce]~ (V2+Dcl V2+1~ 6 

If |c| < 1, then 

V2), va-1, =. (3.24) 
Vie—1|* Va+1~ 

    

(3.23)-(3.24) contradict (3.22), and the lemma follows. IB 

Now in view of Lemma 3.2, 

n+l 

D(a,,c) = 9) A,(a, b,c) + O(1) (3.25) 
i=1 

for almost every a € (0, A]. 

We conclude this section with an important observation about special 

rectangles (see Def. 3). We shall study a typical rectangle T? in (3.15) — . 
see Fig. 14. 

By definition, there are two lattice points w and wo = w+ (Di. gi) 

on the border of rectangle Ti — — ViIV2v3v.. Segment wwa splits Ti into 

two trapeziums: wwov3V4 and WV1V2Wo. We just study the first one, the 

second one can be handled similarly. 

The lattice parallelogram w, w-1, Wo, W: has area |p;q:-1 — qiDi-1| = 1 
(see (3.5)). So 

area(WWoW, W, ) = 2- area(wwow;) = 2- = = 1. (3.26) 

N
i
r
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   w, Wa WW, 

WyWiWo ss Wy Z “4 

are lattice points v, V2 and wu are parallel 

Figure 14. 

Hence distance |wwi| = x7. Observe that wWwo,wiW1,W2W2,---, 
w,W, form an “arithmetic progression” of parallel straigh line segments, 

where w;,W, is the last one before vsv,. Each w;w; (1 <i < k) contains 

precisely one lattice point w;. 

We have 

trapezium WWoV3V4 = parallelogram wwow,Ww, + 

trapezium v3V4W;, W;,.- 

Since wwow,z is a lattice parallelogram, wwoW,W,, is a weak lattice par- 

allelogram (see the end of Section 2), so it is exact. By (3.26), 

area(V3V4W;, W;,) < 2- area(wwoWw,W; ) = 2. (3.27) 

So, by Lemma 3.2, the “small trapezium” v3v4v,Ww,, and any. translated 

copy of it, contains O(1) lattice points. 

Thus we have 

T? = “exact set” plus 2 “small trapeziums” like vsva4w,w;,- (3.28)
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Figure 15. 

We shall later refer to (3.28) as a “simplification of T? by an exact set”. 

Return to Fig. 14. The union of the “small triangle” wuwo and the 

“small trapezium” v3v4w,W, modulo Z? equals the union of two “small 

rectangles” with sides parallel to that of T; (see Fig. 15). 

Indeed, w,W;,,VsV and wuszu2ui are eguivalent modulo Z?, and simi- 

larly, w.w,vv4 and u3Wwousux are equivalent modulo Z?. So we get the 

rectangular polygon wuususu2ui:. Repeating the same argument for the 

other "small trapezium?" at viva (see Fig. 14), altogether we obtain a rect- 

angular polygon (see Fig. 16) uruzusus uj üz u uz. 

We denote the rectangular polygon u,u2uU,U;U,U,uU,U, by IT? ||, and 

call it the “fractional part” of T?. In view of Fig. 16, |T?|| is the union 

of (at most) 3 “small rectangles” T} (1), = 1,2,3, and these rectangles are 

contained by a rectangle of size r(i) x a" 

Summarizing, we have 

Ti(a,b,0) = “exact set” plus \|T? (a, b, 0) || (mod Z?) 

= “exact set” plus T?(a,b,0;1),1<1<3. (5.29)
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Let 

6; (a) 

V,(a,b,0) = (J ||77(@,5,0)||, and (3.30) 
j=l 

Z;(a, b,c) = |(V;(a, 6,0) +e) NZ? |: 

Since exact sets have zero discrepancy, by (3.10), (3.14)-(3.20), (3.28), 

_ J O(), if -co <i<n 
A;(a, b, c) Hul Teny, ifi=n +1. (3.31) 

Return to (3.21). Dropping the term i =n + 1, by (3.31), 

D(a,b,e) = J Asfa,b,e)+O(logN)") (8.82) 
i=1 

for almost every a € (6, A]. 

We emphasize that the shapes of the rectangles V;(a,b,0) (see (3.16)) 
heavily depend on both parameters a € [0, AJ, b € [0, B], so the components 
A;(a, b,c) of D(a, b,c) have a rather complex behavior.
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4. Bernstein’s method 

Our basic observation is that the functions (let a = 2;,5 = 22, Cc, = 43, = 

La) 

fix) =Ax(x), x € [0,4] x [0B] x (0,1)? (1<i<n) (41) 
are weakly dependent in the sense that theccorrelation between any two 

disjoint blocks 

> fix) and > fix) G <A): 
1SiSj kSiSn 

of functions tends to zero exponentially fast as the distance (k — 7) ofthbe 
blocks tends to +-00. 

Note that f;(x) = A;(x) automatically extends to'the whole pláne 

(z3,24) € R?, and is periodic modulo 1 with respect to the:last two coordi- 

nates. 

A well-known trick of handling sums of weakly dependent functions, 

often called as Bernstein’s method — see e.g. Ibragimov & Linnik [11] — 
is to decompose the index set (we prefer the reversed index set) {n,n — 1, 

.;+,2,1} into an alternating sequence of intervals 

{n,n-1,...,21}=hUAUBRUAQU...UIm Ulm (4.2) 

such that [J;| = |Jo| =... = [Im| = 2, [Ji] = |J2| =... = |Jn| = d, and z 
is much bigger than d. If the "gap" d is sufficiently large, then the partial 

sums 

9(x) = > f(x), k= 1, 2, e... m (4.3) 

i€l, 

become “almost independent” , so we can employ the standard Fourier trans- 

form technique of Probability Theory to the sum 27 9r(x), and simply ig- - 
k=1 

nore the effect of the missing terms 

> fi(x) — > 9x (x) = > 2 f(x). 
ízi k=1 j€ Jp 

Let I 
z ss nő w(logN)™, and (4.4)
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dsznt sz (log N) 2, (4.5) 

and so 

m sz níő az (log N)xs, (4.6) 

Let 

k 

Gi(x) = > 9j(x), k=1,2,...,m (x € [0, A] x [0, B] x R?). (4.7) 
j=l 

It is a periodic function mod 1 with respect to the last two coordinates 

(z3, 24) € R?. 

The Fourier transforms of the densities of G,,(x) and 9,(x),x é (0, A] x 
(0, B] x [0,1)?, are the following Stieltjes integrals (i = /—1) 

9 o 

87 f ertdualy) and gx(t) = feat (8) 
—o0 00 

where the measures 444 and Ax are defined as follows: 

  

  

ua (y) — — - volume{x € [0, A] x 0, B] x [0,1)?: Ge(x) <y}, (49) 

and 

de(y) = = - volume{x € (0, ÁJ x (0, B). x (0,1)? : g(x) <y}. (4:10) 

We shall show that 441 © ®,- x41 (0 < k < m—1), which expresses 
the fact that functions g,(x) (1 < k < m) are “almost independent”. 

More preceisely, we have the following key lemma. 

Lemma 4.1. For every k = 0,1,...,m—1, 

Dips (t) = Be (t) - Pass (t) + O((v2 — 1) - t) + O((V2 — 1)*/*) 

uniformly for allt, 00 <t < +00. " 

The proof of Lemma 4.1 is long and complicated. It is based on ideas 
from the Geometry of Numbers and from Combinatorics. For the details, 
see Beck [2]. 

\
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Iterating Lemma 4.1, wé’obtain 

P(t) = IT p(t) + O(n- (V2 — 1)4/*) + O(n. (V2 — 1) - 2). 

By Taylor’s formula, 

vslt) = 95(0) +#-¥,(0) + & -i(0) + Sy?" (0) - olt"). 
We have: ¢p,(0) = 1 (see (4.8) and (4.10)), and 

oo oo _ AB 
, . t 

03(0)= | ty aw == ffi J sila,b,0)de db da = 0, 
0 0 Wo? vonz fe. o 

since f |(V+c)MZ?|dc = area(V). Morever, 
(0,1)? 

au" Tf . —1 A B 97 (0) — J (iy)?dd,(y) = = [ / / (9 (a, b, e) )zde db da = —0?, 
AB Jo Jo 

~ | (0,1)? 

‘and | 

23'(0) = f wow - zt [ ‘ i ° J ((@,2,0))%de db da 
(0,1)? 

1 4 fB ; 
oe (a,b, c)|°de db da, a=ael ff aaron 

(0,1)? 

Si, =oftop+...+0%, and Ry = pi + pot... + Pm. 

Let 

We are going to show that the normalized distribution function fim (y) 

of G, = 2. 9; (sée (4.8)-(4.9)): 
I= 

ony) = 2 5 Gals) <4} 
m(y) = =—vol € [0, A] x (0, B] x [0,1)?: S c fn(y) = volume { x € [0,2] x 0,5] x (0,1)? Se <y 

= Um (Sm -y)
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zás 

    

or 

    TŰ 
  

  

Figure 17. 

satisfies 

  

  

y 
1 -u2 

jim) - = f e" 72 du -0(#). (4/11) 

The proof of (4.11) employes the well-known Berry-Esseen technique: 

(see e.g. Feller [8] Chapter XVI.5). For the details, see Beck [2]. 

Next we show that R,,/S°, — 0 as N — oo. The key observation is 

‘Lemma 4.2. Let T C (0,1)? be a “border-to-border” parallelogram (see 

Fig. 17) with slope ve. Let V be an arbitrary tilted rectangle with slope 

ws and area < +. Let 8 and 9 be the "vertical height” of T and V, resp., 
and assume 0 < 3 <1. 

Let ||V|| denote the “projection” of V onto [0,1)?: 

IIVII— (y € (0,1)? : 3n € Z? such that n+y € V}. 

Then 

area(T'/N ||V||) = area(T) - area(V) + O (1 - log *) A
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end 

KViszunion of strips 

  

Figure 18. 

Proof. By Lemma 3.2, V is a union of nonoverlapping tilted strips (see 

Fig. 18), so area(||V||) = area(V). The sequence 8), 82,..., 8; of starting 

points of these strips on the vertical side 0 < rz < 1 of [0,1)? satisfies 

1 . 

$s5i1:—dte (mod 1) i—1,2,...,l 
V2 

with some fixed constant c. So the sequence s; (1 < i < J) is very uniformly 

distributed: since 

  

1 1 

v2 4, 1 
24+—— 

2+... 

by (1.3), 

>> 1-1-|J|] = O(log!) for any interval J C [0, 1). (4.12) 
s,eJ     

Let J = [a,a + 6) be the intersection of T and.the vertical coordinate 

axis (see Fig. 17), then by (4.12), 

2 1-O(1) 
area(TNIIVID — ses =|J|+0 CP) 

area(||V||) I l 

_ logl\ _ log 1 
=$8+0O eF) = area(T) + O PF) .
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ea(V) 
Since | - 7 = area(V), we have: | ~ mg? and so 

area (TNIIVID — 

— arca(T) : area(IIVID 40 (areayivip . 6) 7 
z area(T) : area(V) $H0O(y : log). 

Lemma 4.2 follows, since | - 7 sz area(V) <%>1=O0(5). u 

. By using Lemma 4.2 it is not hard to show that 

Rm = O(n- 23 - (logn)*/”). (4.13) 

For the details, see Beck [2]. 

The next step is to estimate S?, from below. We need 

Lemma 4.3. The second moment of the discrepancy function D(x) = 

|S(x) N Z?| — 21 - 22 (see (2.14)) is 

A B 
1 log N 
= D?(x) dx = ——=———— + O(log log N). 
ial { | () 37 (14 V5) 7 OMB 198%) 

It follows from Lemma 4.3 quite easily (see Beck (2]) that 

92 = log N 

™ "12/2 log (1+ V2) 

Now combining (4.11), (4.13)-(4.14), Theorem 2.1 follows. 

It remains to prove Lemma 4.3. 

+ O(n: 5 -logn). (4.14) 

The starting point of the proof of Lemma 4.3 is the following identity: 

let a and b be fixed, then I 

(4.15) J D?(a,b,¢)de = 

(0,1)? 

  

oy sin? (ma(/2m, — 34) -sin®(ab( 3 + Jim) 

om n=(nj,ng)€Z2\(0} ((V2ny — n2)/V3)? - (m1 + V2n2)/V3)? |
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The proof of (4.15) is standard: Poisson’s summation formula plus Parse- 

val’s identity. For the details, see Beck [2]. 

Since 

s 2n? — n2 n3 ~ 2n2 
V2n —n 5 — = and- 1 + V2n, = +, 
b vm tm : my — V2ng 

we have (see (4.15)) 

1 AB 

a// / D(a, b, c) da db dc = (4.16) 

0 0 [0,1)? 

2 

9 1 V2n, + No 
=o. I 5 . . + 

ma Unum) Oat ap (s + a 
n=(nj ,ng)€Z7\0) : 

ni n220 

2 
9 1 ? (n — V2na 

+a . > J(m, 2) . (a _ wa) Bő (35 

n=(n1,n2)€Z?\{0} : 
ni n2c0 

where 

Inna) = 

d [/ddtratván mi sein" blr + Ving) VA) da db 

and 

J(n, 2) = 

3
 

a 

A B 

al / sin?(ma(my + Ving) /'V3) - sin?(mb(V2n, — n2)/V5) da db. 

We shall use the trivial fact: 

[oo (Tx) dx = 5 + Ol 

0 

1 7). (4.17)
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If (log N)? < |n| = /n? +13 < N/(log N)? and nj - nz > 0, then by (4.17) 

(Ax V3N, B= 75) 

I(n1,n2) — (4.18) 

kp legitt aa] éeeg [ee (e (eső) e 
Grolmem)) ro loser) élre] 

Similarily, if (log N)? c In] £ N/(log NY? and ni :- n2 c 0, then 

  

. 1 1 

Moreover, for all n € Z?\{0}, 

2. _ m2\2 
|I(n1,n2)| = min {0 EG) a} , and (4.20) 

1 N2.(n2 — 9n2)2 

|J(m1,n2)| = min {0 (an) ah (4.21) 

In order to understand the behavior of sums like 

1 
So 7——— grg (see (4.16)) , (4.22) 

n€Z?\{0} : (2nj — n2) 
ni n220 . 

InlSN 

we need some information on the arithmetic of the quadratic number field 

Q(V/2) (see e.g. Hardy & Wright [10]). Q(/2) has “unique factorization” , 
the “primes” are: W/2, the rational primes p = +3 (8), the factors a-+6vV/2 of 
rational primes q = +1 (8), and of course, the associates of these numbers. 
So for every integer k > 2, 

k=(V2)"- TT s II (Ca +0;v2)(q; —0,v2))". (4.23) 
pi=+ 3(8) qj =+ 1(8) , 

This expression of k is unigue except for multiplication by a unity in O(V2). 
In (4.23) we can assume 0 < a; < gq; and 0 < b; < q;, and so, 

1 1 A 
a; +b; - V2 < 3q; and la; —b;-V2|>5>—. (4.24) 

J
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If k = A? — 2b? = (A+ ByV2)(A— BV2), then apart from unities: 

A+ By2= (4.25) 

(8. TL af IT (usd --nybr), 
p.=* 3(8) qi =* 1(8) . 

A-BV2= 

(vay. TT a": II (a, — by V2)" 9" (a; + bjV2)8-%). 
pi = 3(8) qj =* 1(8) 

Plainly rj =r; — rj # 2r; = 1;, so that every r; is even. Unless: this 

is so there is no representation k = A? — 2B?. Moreover, 8; = 8; —.3;" © 
85457 = 3;. It follows that the number d"(k) of essentially different factors 

(i.e. no associates) A+ By/2 in (4.25) is: 

II (8;+1), _ if every.r; is even; 
a; =+ 1(8) 

d" (k) — if at least oné Tr; is odd; 

1, ifk=1. 

Note that A-t BV2 and A— By2 are different factors in the definition 
of d*(k),k > 2. Since plainly d°(k) < d(k), where d(k) is the usual divisor 

function, we have (see e.g. Hardy & Wright [10]): 

    

d (k) < d(k) < giite)log k/loglogk for all k > ko(e). (4.26) 

We need 

Lemma 4.4. wo 

"(k) xt 

k=1 kK? 48/2 

Proof. Consider the Dirichlet character 

0 ,if n even 

x(n) = ¢ +1 , if n= +1 (8) 
—1 ,if n= +3 (8). 

First we show that for every k > 1, 

_@ (k) =D x(d) = dei (k) — dea(k), (4.27) 
dik
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where dz, (k) and ds3(k) are the numbers of divisors of k of the form 8m+1 

and 8m + 3, respectively. To prove (4.27), we write (see (4.23)) 

k =2'-1 where l= Do: II q;’ - ht 

pi=* 3(8) | gj =+ 1(8) 

Plainly 

>> x(d@) = $5 x(a). (4.28) 
dik dil 

The divisors of | are the terms in the expansion of the product 

I] Gtpt...+2%)- [] Gta t...+¢/). 
pi=+ 3(8) aj7t 1(8) 

A divisor is S$m:t1 if it contains an even number of factors pP" (0 £ a; £ T;), 
and 8m + 3 in the contrary case. Hence 

>2 x(@) =de1 (I) — das(1) — j (4.29) 
dil 

I] @+(-)+14+(-)4+...4(-)")- J] (+s) = 
pit 3(8) 93 =* 1(8) 

- II ES) IT otay-eo=e, 
pisi 3(8) 9; =* 1(8) 

and (4.27) follows from (4.28)—(4.29). 

  

By (4.27), 
= ak oo 

Ev. (Ea) (Ee), 
Since Ls = = and DE xo) = as (see e.g. Shanks & Wrench 

[16]), Lemma 4.4 follows. @ 

The equation of unities in Q(/2) is the Pell equation x? — 2y? = +1. 
The positive solutions are (m = 0,1,2,3,...) 

2 =Pm = 51+ Va" + (1 V2}, (4.30) 
1 m+1 m+1 

Y=Im = s7al(l + V2) + — (1— v2) h
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and the trivial solution is r = p-, = 1,y = q-; = 0. 

Any positive solution (z, y) of x? —2y? = +k (k > 2 integer ) satisfying 
z > 0,y > 0 can be represented by a pair (m, A+ B\/2) where m > 1 is 

an integer and A+ BV? is a factor in (4.25). From the.pair (m, A+ BvV2) 

we can reconstruct the solution (x,y) ef 2? — 2y? = +k, r >0,y >0 as 

follows: 

(Pm + QmV2)(A + BV2) = (PmA + 24mB) + (PmB+GmA)V2 (4.31) 

This representation is unique apart from the trivial case m = —1, where 

(-1,A + By2) and (—1, A — By2) represent the same solution (z,y) of 
g? — Qy? = +k. 

Now combining this information, Lemma 4.3 easily follows via simple 

but rather long calculations. 

This completes the outline of the proof of Theorem 1.1 in the special case 

a = V2. We just used the periodicity of the continued fraction expansion of 

2, and the basic arithmetic of the quadratic field Q(/2). But every real 

quadratic a has periodic continued fraction expansion, and the arithmetic of 

every real quadratic field Q( Vd) is well-known, so the proof can be extended 

to the general case without any extra difficulty. We leave the details to the 

reader. 
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