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1. Notation, introduction and summary of results 

a. Notation 

We use capital letters to denote sequences of integers and lower case let- 

ters for their elements. We denote by Zm the cyclic group of residue 

classes modulo m and its elements by bold lower case letters. If A = 

@1,2,...,a, and B = b,,bo,...,b, are sequences, we define AB to be 

the new sequence formed by the concatenation of A and B, ie. AB = 

a , 02, . . . , 4,01, b2,..., dg. 

Let A — a1, a2, . . . , az be asequence. We adopt the cardinality notation 

|S|, for a set S, to be used for sequences as well, thus |A| = ¢. If b is an 

element of A, which belongs to a residue class x, then |x|, denotes the 

cardinality of the set {i|a; € x, where a; is in the sequence A}. By a k-sum 

we mean a sum of the form a;, +@;, +-+-+0;, where i, %2,..., 7 are distinct 

elements of {1,2,...,¢}. We say that the sequence A is arranged normally 

or rearranged normally (with respect to Z,,) with parameters 1, U2,...,Us, 

if there are s distinct residue classes modulo m, say X,,X2,...X,, where 

Ixila > [Xela 2--: > [Xela and |x;|4 = v; for i= 1,2,...,8, such that the 

first v, of the elements of A belong to xi, the next va of the elements of A
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‘belong to x2, and so on up to the last v, of the elements of A which belong 

tO X,. 

b. Introduction 

‘The following theorem of P. Erdés, A. Ginzburg and A. Ziv is the corner- 

stone of a new developing direction in combinatorial number theory. Its 

original proof, [10], is elementary; other proofs and generalizations appear 

in [1], [16], and [14]. 

Theorem 1.1. (E.G.Z.) If A= a@1,42,...;@am-1 is a sequence of integers, 
‘then there are m indices 11, 12,...;4m € {1,2,...,2m— 1} such that 

az, tai +-+++a;,, =0 (mod m). 

Observing the sequence of m — 1 zeros followed by m— 1 ones we see 

. that a sequence of length 2m — 2 does not necessarily satisfy the conclusion 

of Theorem 1.1. Thus, the length 2m — 1 in Theorem 1.1 is best possible. 

‘Moreover, in [3] the following theorem was proved. 

Theorem 1.2. If A = a,@2,...,@am-2 is a sequence of 2m — 2 integers 

and there are no m indices i1,i2,...,im € {1,2,...,2m— 2} such that 

az +a;, +---+a;,, =0 (mod m), 

then there are 2 residue classes such that m — 1 of the a; s belong to one of 

the classes and the remaining m — 1 of the a; s belong to the other class. 

Several papers were written recently relating Theorem 1.1 to Ramsey 

and Turdn type problems in graphs; see [3], [4], [6], [7], and [8] and their 
references. In particular, it is worthwhile to mention the recent confirmation 

and generalization of the zero sum spanning tree conjecture by Z. Fiiredi and 

D. Kleitman, [12]. Further generalizations were obtained by A. Schrijver and 

P. Seymour, [18], [19], and A. Bialostocki and P. Dierker, [4]. 

The: philosophy that emerges from Theorem 1.2 as well as from the 

above’ papers is that in order to avoid the existence of m integers whose 

sum is 0 modulo m, it is often best to use integers belonging to only two 

‘residue classes. Moreover, it is often the case that the more residue classes 

we use; the “more likely” it is to find m integers whose sum is 0 modulo m. 

-In: the present paper we consider sequences of integers and formalize this 

: philosophy in terms of appropriate functions. Then, we address some very 

.fundamental problems and provide partial solutions.
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Definition 1.3. Let k and m be positive integers such that k < m. Denote 

by g = g(m,k) (g° = 9° (m,k)) the minimum integer g (g") for which the 

following holds: 

If A = @4,02,...,@g (A = @1,42,..., a.) is a sequence of integers of 

“length g (g°) such that the number of a; s that are distinct modulo m is at 

least k (exactly k), then there are m indices 

41, 12,---ytm E {1,2,...,g} (41, 42,.++5tm E (1,2,...,9 ) 

such that 
ai tai tt tan E 0 (mod m). 

It follows from Definition 1.3 and Theorem 1.1 that g"(m, k) £ g(m, k) 

< 2m —1, for 1 < k < m and hence, we have 

9 (m,1) = m and g(m, 1) = 2m — 1 for every positive integer m 

and 

g° (m, 2) = g(m, 2) = 2m — 1 for m > 2. 

Moreover, combining Theorem 1.2 with Theorem 2.5 of the present 

paper we have 

g” (m, 3) = g(m,3) = 2m — 2 for m > 3. 

N. Alon noted that if k > 5, then it is not difficult to prove that 

g(m,k) < m +2. (This follows from the observation that if G is a cyclic 

group of order m and A is a subset of G of cardinality k, where k> F, 

then A+ A = {a; + ;|a;,a; € A} = G.) Hence the more interesting 

problem is to fix k and investigate g(m, k) for large enough m. We propose 

the following conjecture: 

Conjecture 1.4. For every integer k, k > 3, there exists an integer mo = 

mo(k) such that ifm > mo, then 

(a) g(m,k) = 2m —c, where c = c(k) is independent of m, and 

(b) g"(m,k) = g(m,k). 

In the present paper we investigate g(m,k). In our investigation we 

make use of two other functions A and h* which are refinements of g(m, k) 

and g"(m,k), respectively. These functions deserve attention in their own 

right and will be investigated more thoroughly in [5]. 

Definition 1.5. Let m, k, and t;,...,t, be positive integers such that 

k <m. Denote by h = h(m,k;t,,...,th) (A = h'(m,k;ti,...,te)) the
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minimal integer h (h*) for which the following holds: 

Let A = a1, d2,...,@, (A = @1,@2,...,@n+) be a sequence of integers of 

length h (h"), such that the number of a;’s that are distinct modulo m is 

at least k (exactly k). If there are k distinct residue classes modulo m, say 

Xi,X2,--.,Xx, such that x, is represented in A by at least t; of the a;’s for 

j =1,2,...,k, then there are m indices _ 

(1.2... im € {1,2,...,h} (via)... s im E (1,2,...,w)) 

such that 

a;, +a; +-+++4;,, =0 (mod m). 

From Definition 1.5 it follows that h(m, k; ti, to,...,t.) = h(m, kj tea), 

to(2) ges) to(k) ) and h (m, k; ti, te, s. tk) —h (m, k; to(1) » boa) gees » back) ) 

where o is an arbitrary permutation of {1,2,...,h}. Moreover, clearly we 
have g(m,k) = h(m,k;1,1,...,1) and g*(m,k) = h” (m,k;1,1,...,1). 

We will make extensive use of the following theorem of Cauchy and 

Davenport [9]. 

Theorem 1.6. (C.D.) Ifm is a prime and A and B are subsets of Zn, 

then 

|A + B| = |{a+ bjae€ A and b € B}| > min{m, |A] + |[B| — 1}. 

Closely related to the C.D. Theorem is the following conjecture of Erdős 

and Heilbronn, [11]. 

Conjecture 1.7. (E.H.) Ifm is prime and A is a subset of Z,, of cardi- 
nality k, then 

|{a; + a; |a;,a; € A and a; # a;, for i # j}| > min{m, 2k — 3}. 

We have recently learned that L. Pyber confirmed the E.H. Conjecture 

for large enough primes, [17] and that in a different direction G. Freiman, 

L. Low, and J. Pitman confirmed the conjecture if m is relatively large to 

the cardinality of A, [13]. To the best of our knowledge the fwo above 

results were obtained independently at about the same time; however, no 

manuscripts are available at the moment. 

c. Summary of Results 

In Section 2 we establish upper and lower bounds on g(m,k). First we use 

the confirmation of the E.H. Conjecture to prove Theorem 2.4.
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Theorem 2.4. If m and k are positive integers such that m = pn, where 

n > 3,p is a prime (large enough) for which the E.H. Conjecture is known 

to be true for Z, and k and p > 2k — 2, then g(m,k) < 2m—k+1. 

Independently, N. Alon proved Theorem 2.4 in the case where m is a 

large enough prime, without using the E.H. Conjecture. 

Next by means of an explicit construction we prove Theorem 2.5. 

Theorem 2.5. Ifm and k are integers such that k > 3 and m > (Eh) then 

2 

g(m, k) 2 g (m, k) > 2m — S) . 

In Section 3 we restrict our investigation to seguences with elements 

belonging to 3 distinct residue classes. The following two theorems are the 

main results of this section. 

Theorem 3.8. 

6 if m=3,4,5 
Hm, 35222) — ( 

2m—3 ifm>6. 

Theorem 3.9. Let m be an integer, m > 3 and let A = a;,02,...,Qem-3 

be a sequence of integers. Suppose that A is arranged normally with 

parameters v1,v2 and v3 (v1 and v2, ifm = 3.) If there are no m indices 

41, 12,...,4m € {1,2,...,2m — 3} such that 

a, +a;, +--:+a;,, = 0 (mod m) 

then vy, = m—1,v2 =m—3 and v3 = 1 (v, = 2 and v2 = 1, if m = 3). 

Theorem 3.9 answers partially a question of G. Freiman that con- 

cerns the structure of sequences whose elements belong to 3, 4,5,... distinct 

residue classes modulo m and have no m-sums that equal 0 modulo m. 

The following two theorems are the main results of section 4. 

Theorem 4.6. g°(m, 4) = g(m,4) = 2m — 3 for every integer m,m > 4. 

Theorem 4.7. h*(m, 3; 2,2,2) = h(m, 3; 2,2, 2) for every integer m,m > 3. 

Section 5 concludes our paper with some comments and more conjec- 

tures.
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2. Upper and lower bounds on g(m, k) 

We start with two lemmas which lead to an upper bound for g(m, k). 

Lemma 2.1. Let m and n be two integers, m,n > 2. Let T;, To,...,Ton-2 
be 2n — 2 pairwise disjoint sequences of integers each of length m with 
sums kim, kam, . . . , kon-2 m, respectively, and let S, be the concatenation 
of these sequences, i.e. S1 — TT? . . . Tan-2 . 

Moreover, assume that there exist integers bi and be such that b, ap- 
pears in one of the T,’s say T;, and b; = bz (mod m) but b; # by (mod mn). 
Let T? be a new sequence obtained from T;, by replacing bi with ba and 

denote by Sz the sequence obtained from S, by replacing T;, with TT. 
Then, at least one of the following holds. 

(a) There are n of the T;’s in S, such that the sum of their mn ele- 
ments equals 0 modulo mn. 

(b) There are n of the T,’s in S2 such that the sum of their mn 
elements equals 0 modulo mn. 

Proof. Since b; = b, (mod m), the sum of the elements in T is di- 

visible by m and hence of the form km. If (a) does not hold, ((b) 
does not hold) then Theorem 1.2 implies that ki, ko,..., Kir... , Ken-2 

(ki, ke,.. ., kő ,»+++)Kan-2) belong to two distinct residue classes modulo 
n; moreover, there are m — 1 in each class. Since b; # bz (mod mn), ki, 
and Ke?) belong to two distinct residue classes (mod n), which leads to a 
contradiction. MI 

Lemma 2.2. Let k and c = c(k) be fixed integers such that k > 3 and 
c 2 1. Suppose p is a prime satisfying p > k +c —1 and n is an integer, 
n > 3. If g(p,k) < 2p —c then g(pn,k) < 2pn—c. 

Proof. Let A = a;,42,...,@2pn-- be a sequence of integers and let s be 
the number of the a,’s that are distinct modulo p. We consider two cases: 

Case 1: szk 

Considering the a,’s as residues modulo p and applying the E.G.Z. The- 
orem to the first 2p — 1 of the a;’s, there are p of the a,’s whose sum equals 
kip. Denote this subsequence of these p of the a;’s by T,. Delete the sub- 
sequence 7, from the sequence A and apply the E.G.Z. Theorem to the 
next 2p — 1 of the remaining a;’s. Continuing in this fashion, using the
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E.G.Z. Theorem 2n — 2 times, we obtain 2n — 2 pairwise disjoint subse- 

quences of A, say Ti, To2,...,T2n-2, each of length p having respective sums 

kip, kop,...,kan-2p, and a remaining sequence )y, b2,..., bep--.. Moreover, 

before applying the above procedure, we can rearrange A such that some 

arbitrarily chosen p ~ c + 1 of the a,’s are at the tail end of A and hence, 

are not used in the above procedure and belong to 61, be,...,bep--. Since 

p>k+c-—1, we can assume that k of the a;’s which are distinct residues 

modulo p belong to by, bz,..., bep--- By our assumption that 9(p, k) < 2p—c 

we have p elements in bi , ba, . . . , bop-e whose sum is of the form k2,-;p. Ap- 

plying the E.G.Z. Theorem to k;,k2,...,kon-1 there are n of the kis, say 

ki, , Kig, . . . , Ki, , Whose sum equals 0 modulo n. Thus, there are pn elements 

in the sequence T;, T;, . . . T;, whose sum equals 0 modulo pn and the proof 

in Case 1 is complete. 

Case 2: s<k-1 

For i = 1,2,...,s let x1,X2,...,x, be the distinct residue classes mod- 

ulo p to which the a;’s belong and let 21,22,...,2, be their respective 

representatives in A. Since s < k — 1 and since there are at least k of the 

a,’s that are distinct modulo pn, it follows that there is.at: least one x; in 

A, say xi, and two a,’s in A, say a, and ae, satisfying 

Q; = a2 = 2, (mod p) but a; # a2 (mod pn). 

It is possible that +, = a, or 2, = Qo. 

We shall say the residue class x; is of the first kind if all the elements of 

A which belong to x; are congruent modulo pn; otherwise we say x; is of the 

second kind. Thus, from the above, x, is of the second kind. It is clear that 

if x, is of the first kind, then we can assume that |x;|4 < pn. Next, we shall 

show we can assume that |x,|4 < p and similarly it follows we can assume 

that if x; is of the second kind, then |x,;|4 < p. Indeed, if |xi|4 > p+ 1, 

then we can apply the E.G.Z. Theorem as in Case 1 to construct the T;’s for 

4=1,2,...,2n—2 and in addition we can choose T; such that it consists of 

p elements from x, including a,, but a2 belongs to 61, be,...,bep--. Thus, 

by Lemma 2:1 we have pn elements of A whose sum is 0 modulo pn and 

Lemma 2.2 holds. Consequently, if x; is of the second kind, then |x;|4 < p 

and hence, |x;|4 <p < pn. Therefore, for every i € {1,2,...,s} we have 

\x;] A <pn. 

To complete the proof of Case 2 we will construct as in Case 1 subse- 

quences T; for 1 = 1,2,...,2n ~ 2 in such a way that a, belongs to T; but
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az belongs to bi, ba, . . . , bp-e . To construct T,, define By = {a,} and for 

#=1,2,...,p—1, let B; = {cl,c?} where c} and c? are elements of A that 
belong to distinct residue classes modulo p, are distinct from a2, and do not 

belong to previously defined B;’s. The set B; is well defined if there are left 

in A\(Bo U Bi U---U B;-1 U {a2}) two elements belonging to two nonempty 

distinct residue classes. Assume that after completing the pth step, ie. B; 

is defined, the only elements left in A\(Bo U Bi U Bo U---U By U {a2}) be- 

long to a single residue class modulo p and t < p— 1. This implies that 

2pn —c—2(t+1) < pn or equivalently pn—c < 2(t+1). The substitution of 

t+1<pyieldsn< 2+ §; but since p > k+c—1 and k > 3 we have = <1. 

Consequently, n < 2+ . < 3, a contradiction. Thus, B; is well defined for 

4=0,1,2,...,p—1. Applying the C.D. Theorem to Bp + By +-+++ By-1 

we obtain a subsequence of p elements of A whose sum equals 0 modulo p 

and contains a,. Letting this subsequence be T; and continuing as in Case 1 

we obtain 2n — 2 pairwise disjoint subsequences of A, say T;,T2,...,Ton-2; 

each of length p having respective sums kp, kop,..., kon-2 p and a remaining 

sequence b,,52,...,bap-- that contains az. Applying Lemma 2.1 completes 

the proof in Case 2 and the proof of Lemma, 2.2 is complete. m 

Lemma 2.3. Let m be a prime and let k be an integer such that 2 < k < _m. 

If the Erddés-Heilbronn conjecture holds for k and Z,, then g(m,k) < 

2m—k+1. 

Proof. Sums of elements from a sequence and the terms “distinct” and 

“0” are always assumed to be modulo m. Let A = aj, d2,...,@am-z41 bea 

sequence of integers and assume that there are at least k of the a,;’s which 

are distinct. We shall show that there exist m of the a;’s whose sum is 0. 

Let x € Z,, be such that |x|, is maximum. Delete from A one a; such that 

a; € x and one a; from each of the k — 1 other distinct residue classes. Let 

S be the sequence of these & deleted a,’s and let B = b,, bo,..., bam-2n41 

be the sequence of the remaining a; s rearranged normally, with parameters 

U1 4 Ua, +664 Ug. 

We shall consider two cases: 

Case 1: vy} >m—1 

If v; > m, there is nothing to prove. Thus, assume that v, = m — 1. 

Since B is rearranged normally there exists a z € Z,, such that b; € z for 

i= 1,2,...,u,. We have |x|4 > |z|4 > |z|p =v, = m—1. If z =x, then 

\x|4 = m and we are done. Suppose that z # x. Therefore, |x|,4 + |z|4 > 

2m — 2 and it follows that |A| > 2m— 2. Thus, |A| = 2m -k+1>2m—-2
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and we have k < 3. If k = 1 or k = 2 then the proof follows by the E.G.Z. 

Theorem. If k = 3, then there exist at least 3 distinct residue classes and 

|A| > |x|4 + |zla +1 > 2m-1. Thus, the E.G.Z. Theorem completes the 

proof in Case 1. 

Case 2: vu < m—2 

For i = 1,2,...,m — 2k +3 define B; = {b;,bitm-2} and let T = 

bin-2k4+4 »0m-2k+5 +++) 0m-2 be the sequence of the remaining elements of 

B. Thus, |T| = 2k — 5. Since v; < m— 2 it follows that }; is distinct 

from bj4m-2 for i = 1,2,...,m —2k+3 and hence, each of the B,’s is a 

set containing two elements. Let W = ST be the concatenation of S and 

T. We claim that W has at least 2k — 3 distinct (2k — 3)-sums. By our 

assumption that the E.H. Conjecture holds for k and Zn, there are at least 

min{m, 2k — 3} distinct 2-sums in S. We can assume that 2k — 3 < m. 

Adding 2k — 5 of the b,’s from T to each of these distinct 2-sums gives us 

at least 2k — 3 distinct (2k — 3)-sums in W and our claim holds. 

Let V be the set of the distinct (2k — 3)-sums in W. Thus, |V| > 2k —3 

and since |B,| = 2 for i = 1,2,...,m — 2k +3, by the C.D. Theorem there 

are m distinct elements of Z,,, in the sum B, + Bp +---+ Bm-or+3 + V. 

Thus, 0 is expressed as a sum of m of the a,’s and the proof in Case 2 is 

complete. Ni 

Combining Lemma 2.2, Lemma 2.3 and a recent result of L. Pyber 

which confirms the E.H. Conjecture for large primes, we obtain the following 

theorem. 

Theorem 2.4. If m and k are positive integers such that m = pn, where 

n > 3,p is a prime (large enough) for which the E.H. Conjecture is known 

to be true for Z, and k and p > 2k — 2, then g(m,k) <2m—k +1. 

Next, we derive a lower bound for g(m, k). 

Theorem 2.5. If m and k are integers such that k > 3 and m > (*,'), 

then 
. 2 12 

g(m,k) > g (m,k) > 2m —- (HS) . 

2_5k+12 
Proof. Let s = Keak +12 We shall exhibit a sequence A = @1,4@2,..., 

a2m-s such that there are k of the a;’s which belong to distinct residue 

classes modulo m and no m-sum of the a,’s equals 0 modulo m.
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Define: 

a, =Ofori=1 

a; = 1 for i = 2,3,...,m—2 

a; = 2 fori=m-—ti1,m,...,2m— ("5") — 2 

and if k 5 3, then 
—-—1 

a; — t for i — 2m — (* 2 ) —4+t, where t =3,4,...,k-—1. 

Let S = S(t, %2,...,im) = > a;,. It is easy to check that for every choice of 
j=1 

i, 12,..-,4m € {1,2,...,2m—s} we have m+1 < S(i1,i2,..-,im) < 2m—1. 

Indeed, the minimum of S is obtained by taking the first m elements of A 

whose sum is at least m+ 1 and the maximum of S is obtained by taking 

the last m elements of A whose sum is at most 2m—1. Wu 

3. On sequences with elements belonging to three distinct 

residue classes 

We start with a simple lemma, whose proof is an easy verification. 

Lemma 3.1. Let m be a prime, m > 5, and let A = 41, 22,23, %4,Y1, 21 be 

a sequence where £1, 2%2,23,T4 €X € Zm, y1 EY € Zm, and 2, €ZE€ Zn. 

If x, y, and z are three distinct residue classes then either 

(i) the number of distinct 4-sums modulo m in A is at least four or 

(ii) 2x =ytz. 

Lemma 3.2. If m is a prime, m > 5, then h* (m, 3; 2,2,2) < 2m — 3. 

Proof. Sums of elements from a sequence and the terms “distinct” and 

“Q” are always assumed to be modulo m. Let A = aj,@2,...,@2m-3 be 

a sequence of integers and suppose that the a;’s belong of three distinct 

residue classes, say x, y, and z, satisfying |x|4 > ly|4 > |z|a > 2. We shall 

prove that there are m indices 1, i2, . . . im € {1,2,...,2m — 3} such that 

ai. tai Tt... di, — 0.
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It can be easily verified that h* (5,3; 2, 2,2) =6 < 2-5-3. Thus, assume 

that m > 5. Let $; and S2 be two disjoint subsequences of A, each consisting 

of 3 elements from the 3 distinct residue classes and let S = 5152. Since 

|S| = 6, after deleting S from A we are left with 2m — 9 elements which 

can be rearranged normally into a sequence B = 6,,b2,...,b2m-9, with 

parameters |x|s > ly|a > |z|/p > 0. If |x|s > m — 2 then we are done and 

hence, we can assume that |x|p <_m— 3. 

We consider two cases. 

Case 1: |x|p =m-—3 

For i = 1,2,...,m —6 define B; = {b;,bm4i-3 } and let T = by-s, 

bm-4,0m-3- Clearly, each of the B,’s is a set of cardinality two and 

bin-5;0m-4;0m-3 € x. Let V be the set of all distinct 2-sums from Si 

and let W be the set of all distinct 4-sums from TS2. Clearly |V| = 3. We 

apply Lemma 3.1 to T'S2. If conclusion (ii) holds, then we are done since 

\t|4 =m-—1>m-—2. Therefore, assume conclusion (i) of Lemma 3.1 holds, 

namely |W| > 4, and consider the sum 

By + Bo+---+Bm-6 +V+W. 

By the C.D. Theorem there are m distinct m-sums in the above sum and 

the proof in Case 1 is complete. 

Case 2: |x|p <m-4 

For i = 1,2,...,m —5 define B; = {bj,bn4i-4 } and let T = by-«. 

Clearly, each of the B;’s is a set of cardinality two and b,,-4 € X. Let V 

be the set of all distinct 2-sums from 5; and let W be the set of all distinct 

2-sums from 52. Clearly |V| = |W| = 3. Consider the sum 

By + Bo +++ Bn-5 +V+WHT. 

By the C.D. Theorem there are m distinct m-sums in the above sum and 

the proof in Case 2 is complete. m 

The following lemma will be used later to simplify some tedious com- 

putations. 

Lemma 3.3. Let m € {5,6, 7} and let A = a;,42,...,@3m-3 be a sequence 

of integers. Suppose that the a;’s belong to three distinct residue classes 

modulo m, say x, y, and z, satisfying |x|4 > |y|a 2 Izla 2 2. Then there 

are 2m indices is, i2,..., im, ja; Ja, : s Ím © {1,2,...,2m—3} such that the 

following hold:
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(i) {t1,42,-.-,im} A (ji, J2,---,Jm} = 9, 

' (ii) aj, +@;, +---+4,,, = 0 (mod m) and 

(ii) az, Faj, +--+ +a, =0 (mod m) 

Proof. 

(a) Let m = 5. Let S; and S) be two disjoint subsequences of A, each 

consisting of 3 elements from the 3 distinct residues modulo 5. By the 

C.D. Theorem the cardinality of the set, say S, of all the distinct 2- 

sums modulo 5 in S, + S2 is at least 5. Since |A| = 12 we obtain five 

distinct 10-sums modulo 5 in A\S. Therefore, let a;, +a;, +---+4i,, = 

0 (mod 5). By the E.G.Z. Theorem applied to aj, ,a@i,,...,@:,, Lemma 
3.3 follows for m = 5. 

(b) For m = 6,7, the proof is similar to the above but somewhat more 

tedious. A detailed proof appears in [15]. ™ 

Lemma 3.4. Let m and n be integers, m > 5 and n > 2. If h* (m, 3; 2, 2,2) 

< 2m — 3, then h* (mn, 3; 2, 2,2) < 2mn — 3. 

Proof. Let A = a1,@2,...,Q@mn-3 be a sequence of integers and assume 

that the a;’s belong to 3 residue classes modulo mn, say x, y, and z, where 

Ix|4 > |yla > |z|, > 2. Let s be the number of the a,’s that are distinct 

modulo m. We consider three cases. 

Case 1: s=1 

Since (2n — 1)m < 2mn — 3 for m > 5, there exist 2n — 1 pairwise 

disjoint subsequences of A, say T,,T2,...,T2n-1, each of length m with 

sums kim, kom,...,ken-1m, respectively. Applying the E.G.Z. Theorem to 

ki, ke,...,Ken-1 we have n of the kis, say k;, , ki, , . . . , ki, , whose sum is 0 

modulo n. Thus, the sum of the mn elements of the sequence T;, T;, ...T;, 

equals 0 modulo mn and the proof in Case 1 is complete. 

Case 2: s = 2 

Since the a;’s belong to three distinct residue classes modulo mn, there 

are two of the a,’s, say c and d, such that c = d (mod m) but c # 

d (mod mn). 

Considering the a,’s as residues modulo m and applying the E.G.Z. The- 

orem to the first 2m —1 of the a,;’s we have m of the a,;’s whose sum is equal 

to kjm. Denote the subsequence of these m of the a;’s by T,. As in Lemma 

2.2, continuing the use of the E.G.Z. Theorem in this fashion 2n — 2 times 

we obtain 2n — 2 pairwise disjoint subsequences of A, say T;,T2,...,T2n-2,
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each of length m having respective sums k1m,ko2m,...,kan-2m™ and a re- 

maining sequence b,,b2,...,b2m-3. Moreover, before applying the above 

procedure, we can rearrange A such that some arbitrary chosen m — 2 of 

the a,’s are at the tail end of A and hence, are not used in the above proce- 

dure and belong to b,, b2,...,bam-3. Since m — 2 > 2, we can assume that 

c and d belong to by, be,..., bem-3. If in one of the T;’s there is an element 

a” such that a” = c = d (mod m) then Lemma 2.1 settles Case 2. If such 

an element a” does not exist, then since the elements of A belong to two 

residue classes modulo m it follows that all the elements of T,T> ...Ton-2 

belong to the same residue class modulo mn. Thus, since m(2n — 2) > mn 

for n > 2, we obtain mn elements in T,T2...Ton-2 belonging to the same 

residue class modulo mn and the proof in Case 2 is complete. 

Case 3: s=3 

Subcase 3(a): If m > 8, then we can apply the same procedure as in Case 

2 to get 2n — 2 pairwise disjoint subsequences of A, say 7),7T>,...,T2n-2, 

each of length m having respective sums k,m,kom,...,kon-2m and a re- 

maining sequence b,,b,...,b2m-3. Moreover, since m — 2 > 6 we can 

assure that two elements from each of the residue classes x, y and z be- 

long to b;, b2,...,beam-3. Since h” (m, 3; 2, 2,2) < 2m —3, there are m of the 

b,;’s whose sum is equal to 0 modulo m and hence, is of the form ko,-1m. 

Applying the E.G.Z. Theorem to k,,ko,...,ken-1, considered as residues 

modulo n, the proof in Subcase 3(a) is complete. 

Subcase 3(b): If m € {5,6,7} then we use a similar procedure as in Sub- 

case 3(a). However, this time we apply the E.G.Z. Theorem to the se- 

quence A 2n — 3 times. Thus, we obtain 2n — 3 pairwise disjoint subse- 

quences of A, say T;,T2,..., Tan-3 , each of length m having respective sums 

kim, kom,...,kom-3 and a remaining sequence b, b2,...,63m-3. Moreover, 

since 2m — 2 > 6, we can assure that two elements from each of the residue 

classes x, y, and z belong to 6), bz,...,b3m-3. Lemma 3.3 implies that we 

obtain two disjoint subsequences of bj, be,...,b3m-3, SAY Ton-2 and Ton-1, 

each of length m having sums kop,-2m and ko,-1m, respectively. Applying 

the E.G.Z. Theorem to k,,k2,...kan-1, considered as residues modulo n, 

the proof in Subcase 3(b) follows and the proof in Case 3 of Lemma 3.4 is 
complete. Wu 

The following three lemmas appear in [15]. We omit the proof in the 

case where it is a tedious verification. 

Lemma 3.5. If m € {6,8,9} then, h"(m, 3;2,2,2) < 2m — 3.
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Lemma 3.6. If m > 7, then h* (m, 3; 2, 2,2) > 2m — 3. 

Proof. Let A be a sequence of length 2m —4 starting with 2 zeros followed 

by m —5 ones and then followed by m — 1 twos. Since m > 7 each of the 

3 elements 0, 1, and 2 appears at least twice in the sequence. Clearly, the 

minimum and the maximum m-sums are m+ 1 and 2m — 1 and hence, no 

m-sum from the sequence A is equal to 0 modulo m. W 

Lemma 3.7. 

. 6 if m=3,4,5 
h" (m, 3; 2,2,2) = a 

9 if m=6. 

Combining Lemmas 3.2, 3.4, 3.5, 3.6 and 3.7 we have the following 

theorem. 

Theorem 3.8. 

6 if m=3,4,5 
h* (m, 3; 2, 2, 2} = { 

oe In-3 if m>6. 

Theorem 3.9. Let m be an integer, m > 3 and let A = a;,09,...,@om-3 

be a sequence of integers. Suppose that A is arranged normally with 

parameters V1,V2 and v3 (v1 and ve, if m = 3.) If there are no m indices 

41, 12,--.,4m € {1,2,...,2m — 3} such that 

a, +a; +-::+4;,, =0 (mod m) 

then v, = m—1,vg =m—3 and v3 = 1 (vy, = 2 and vz, = 1, ifm = 3.) 

Proof. The cases m = 3,4,9 can be easily verified. Assume that m > 5. 

Clearly, uv, < m-—1 and by Theorem 3.8 we have v3 = 1. Hence, it is enough 

to show that if vy = m — 2,v2 = m— 2 and v3 = 1, then there are indices 

11, 12,...,4m € {1,2,...,2m—3} such that a;,+a;,+...+a;,, =0 (mod m). 

First we prove the case where m is prime and m > 5. 

Let x, y, and z be the 3 distinct residue classes modulo m to which the 

elements of A belong. Thus, |x|4 = |yl4 = m — 2 and |z|,4 = 1. We shall 

show that there are m elements of A whose sum is 0 modulo m. The only 
possible m-sums are of the following forms. 

(a) kx+é,y +z where 1<k,,é,; <m—2andk, +¢,;=m-1 

and
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(b) kax + oy where 2 < ko, fl2 <m—2 and kx +f, =m 

Since m is prime, all the m — 2 possible m-sums in (a) are distinct. 

Denote this set of sums by P. Similarly, all the m — 3 possible m-sums 

in (b) are distinct. Denote this set of sums by Q. If PNQ = 0, then 

|PUQ| =m—2+m-—3=2m—5 >m for m > 5, and we are done. 

Hence, assume that PnO A 0 and let kix+ 4:y +z = kox + fay. If 

ki = ke (€, = £2), then y = z (x = 2), a contradiction. Therefore, assume 

ka > ky, (€2 > &.) It is easy to show that if ko — k, = 1 (€ — @; = 1), then 

£, = l2 (ky = ke), a contradiction. 

Hence, either kz — k; > 2 or &, ~ €; > 2. W.L.O.G. assume that 

ko -ky > 2. From kix+ fliy +z = kex + fy we have sx = ty +z, 

wherem—-3>8=k,-—ki > 2andm-4>t= ¢, —& > 1. Hence, 

(m — s)x + ty +z = mx = 0 and the proof of Theorem 3.9 is complete in 

the case where m is a prime. 

Next, we claim that if Theorem 3.9 holds for m where m > 4, then it 

holds for mn where n > 2. Let A = a); €2,...,@2mn-3 be a sequence of 

integers. Assume that there are no indices íj , 22, . . . , imn € (1, 2, . . . , 2mn — 

3} such that a;, +a;, +...+4;,,, =0 (mod mn). We shall prove that if A is 
arranged normally with parameters v;, v2, and v3, then v; = mn —1,v2 = 

mn — 3 and v3 = 1. From the observation at the beginning of the proof we 

can assume that vy = mn — 2,v2 = mn — 2 and v3 = 1. Consider the a,’s 

as residues modulo m. If they belong to a single residue class modulo m 

or if they belong to only two distinct residue classes modulo m, then as in 

Case 1 and Case 2 of Lemma 3.4, respectively, we have mn of the a;’s whose 
sum is 0 modulo mn, a contradiction. Thus, assume that the a,’s belong to 

three distinct residue classes modulo m. It follows that the cardinalities of 

these residue classes are mn — 2,mn — 2 and 1. Hence, we obtain 2n — 2 

pairwise disjoint subsequences of A, say T,,T2,...,Ton-2, each of length 

m with respective sums kjm,kom,...,ken-2m and a remaining sequence 

b,, b2,...,bam-3. Moreover, the sequence 6, b2,...,b2m-3 has parameters 

m — 2, m — 2, and 1. Applying our hypothesis for m to 6), be,...,bam-3 

there are m of the b;’s whose sum is 0 modulo m and hence, of the form 

kon-; m. Applying the E.G.Z. Theorem to k;, k2,...,ken-1, considered as 

residues modulo n, it follows that there are n of the k,’s whose sum is 0 

modulo n and hence, there are mn of the a;’s whose sum is 0 modulo mn, 

a contradiction. Thus, our claim follows and the proof of Theorem 3.9 is 

complete. B
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4. The determination of g(m, 4) and h(m, 3; 2, 2, 2) 

We start with four simple lemmas, which appear in {15] and whose proof 

is a tedious verification. 

Lemma 4.1. The Erddés-Heilbronn Conjecture holds for k = 4 and Z,, for 

every prime m,m > 5. 

Lemma 4.2. If m is a prime, m > 5, then g(m, 4) < 2m — 3. 

Lemma 4.3. Let A = a), 02,...,@12 be a sequence of integers. If there are 

4 of the a;’s that belong to distinct residue classes modulo 5, then there 

exist 2 disjoint 5-sums in A such that each 5-sum is equal to 0 modulo 5. 

Lemma 4.4. If m € {4,6, 8,9}, then g(m, 4) < 2m — 3. 

Lemma 4.5. Ifm and n are integers, m > 5 andn > 2 and g(m, 4) < 2m—3, 

then g(mn, 4) < 2mn — 3. 

Proof. The proof is along the lines of the proof of Lemma 3.4. Let 

A = @j,0,...,@2mn-3 be a sequence of integers. Let s be the number 

of a,’s that are distinct modulo m. 

We shall consider four cases. 

Case 1: s=1 

The proof is the same as in Case 1 of Lemma 3.4. 

Case 2: s =2 

Let b,c,d,e be distinct representatives from A of the 4 residue classes 

modulo mn. As in the proof of Lemma 3.4 there are 2n — 2 pairwise disjoint 

subsequences of A, say 73, 75, . . . , Ton-2 , each of length m having respec- 

tive sums kym, kom, ..., kon-2 m and a remaining sequence b,, ba , . . . , bom- 3 - 

Moreover, since m — 2 > 3 we can assure that b,c and d belong to 

bi, ba, . ..,bam-3 . If in T,T>...Ton-2 there is an element which is congruent 

to b, c, or d modulo m then we are done by Lemma 2.1. Otherwise all the 

m(2n — 2) elements of T,T;...Ton-2 are congruent to e modulo mn and 

since m(2n — 2) > mn for n > 2 the proof in Case 2 is complete. 

Case 3: s=3 

Let x, y and z denote the three distinct residue classes modulo m. Since 

there are four distinct residue classes modulo mn, let z be the residue class
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modulo m such that there exist two of the a;’s, say c and d, such that 

c =d (mod m) but c # d (mod mn). 

If ly|4 = 1, then |x|, + |zl4 = 2mn — 4. Hence, either |x|4 2 

mn or |z|4 > mn — 4. If |x|4 > mn, then we are done. Thus, as- 

sume that |z|,4 > mn — 4. Moreover,-for m > 5 and n > 2 we have 

lz|4 > mn—4 > m+1. Again, there are 2n — 2 pairwise disjoint sub- 

sequences of A, say T),T>2,..-,Tan-2, each of length m having respective 

sums kym1, ko™M2,...,ken-2m and a remaining sequence by, b2,..-,bam-3- 

In addition, since |z|4 > m+ 1 we can assure that c belongs to T, while d 

belongs to by, b2,...,bam-3- Lemma 2.1 implies that there are mn elements 

of A whose sum is 0 modulo mn and Case 3 is settled if |y|4 = 1. Thus, 

assume |y|4 > 2 and similarly, we can assume that |x|4 > 2; moreover, we 

know that Izla > 2. Consequently, there are at least 2 elements in A from 

each of the 3 distinct residue classes modulo mn. Since by Theorem 3.8 we 

have h(m, 3; 2, 2,2) = 2m — 3 for m > 6 the proof in Case 3 is complete. 

Case 4: s>4 

Subcase 4(a): m > 6 

Again, there are 2n — 2 pairwise disjoint subsequences of A, say T;, 

Ty,...,Ton-2, each of length m having respective sums kjm,k2m,..., 

kon-2m and a remaining sequence bj, b2,..., bam-3 - Moreover, since m—2 > 

4 we can assure that the four distinct elements modulo m belong to 

bi, ba, . . ., bom-3 . Since g(m, 4) £ 2m — 3 there are m of the b;’s whose sum 

eguals 0 modulo m and hence, is of the form kon-1 m. Applying the E.G.Z. 

Theorem to ki, ka, . . . , kon-1 , considered as residues modulo n, completes 

the proof in this subcase. 

Subcase 4(b): m — 5 
Like in the proof of Subcase 3(b) of Lemma 3.4 there are 2n — 3 

pairwise disjoint subsequences of A, say T;,T2,...,Ton-3, each of length 

m having respective sums 5ki,5k2,...,5kan-3 and a remaining sequence 

b,, bz,...,b12. Moreover, since 2m — 2 = 8 > 4 we can assure that the four 

distinct elements modulo 5 belong to 6,,b2,...,012. By Lemma 4.3 there 

are 2 disjoint subsequences of b;,b2,-..,612, Say Tan-2 and Tyn-1, each of 

length 5 having respective sums 5ko,-2 and 5kon-1. Applying the E.G.Z. 

Theorem to ki,k2,...,kan-1, considered as residues modulo n, completes 

the proof in this subcase. Thus, Case 4 is settled. ™ 

Combining Lemmas 4.2, 4.4, 4.5 and Theorem 2.5 we have the following 

theorem.
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Theorem 4.6. 9° (m, 4) = g(m, 4) = 2m — 3 for every integer m,m > 4. 

Combining Theorem 4.6 with Theorem 3.8 and verifying the cases for 

small m’s, we have the following theorem. 

Theorem 4.7. h* (m, 3; 2,2, 2) = h(m, 3; 2, 2,2) for every integer m, m > 3. 

5. Some comments and conjectures 

In his dissertation, [15], the second author proved that g(m,5) ='2m — 5 
for m prime, m > 5, and hence, in this case g(m,5) equals its lower 

bound as given in Theorem 2.5. However, it is worthwhile to mention 

that g(6,5) = 8, where g(6,5) > 7 follows from observing the sequence 

0,0,1,1,2,3,4. Thus, for small m’s the construction of Theorem 2.5 cannot 

be used. The determination of g(m,5) for all m is much less trivial and it 

is presently in progress, [5]. From our work so far it seems to us that the 

lower bound in Theorem 2.5 is the right value of g(m,k) for a fixed k and 

a large enough m, as stated in the following conjecture. 

Conjecture 5.1. If k is a fixed integer, k > 3 and m > mo, then 

2 12 
g(m,k) = 2m — = —SE*T 

In Theorem 5.3 we shall provide some support to the fact that in 

Conjecture 5.1, the term subtracted from 2m is of the order of O(k?). First 

we state the generalized Erdés-Heilbronn Conjecture. 

Conjecture 5.2. Let m be a prime and t an integer, t > 2. If A is a subset 

of Zn of cardinality k where 2 <t < k, then the cardinality of the set 

{a;, +a; +--+ aj, |ér,%2,-..,% € {1,2,...,k},a,, € A forj =1,2,...,¢ 

and a;, #a,, if 7 A k} 

is at least min{m,t(k —t) +1}. 

We shall prove the following, Theorem 5.3, which supports more of the 

lower bound on g(m, k) as given in Theorem 2.5 rather than its upper bound 

as given in Theorem 2.4. However, it seems that to obtain the exact value of 

g(m, k) as appears in Conjecture 5.1, we need more powerful tools than the 

verification of Conjecture 5.2. The techniques used in [5] shed some more 

light. For simplicity assume that k is even.
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Theorem 5.3. Let m be a prime and k be an integer such that 4 < k < m. 

If the generalized Erdés-Heilbronn Conjecture holds for k, Zm and t, where 

t = £, then g(m,k) < 2m —c, where c= (Ey? —k+2. 

Proof. Sums of elements from a sequence and the terms “distinct” and “O” 

are always assumed to be modulo m. The proof is along the same lines as 

the proof of Lemma 2.3. Let A = a;,d2,...,@2m-- be a sequence of integers. 

In addition, let x and S be the same as in the proof of Lemma 2.3 and let 

B — bi, ba, ...,bom-c-k be the sequence of the remaining a;’s rearranged 

normally with parameters 1), U2,...,U.. Case 1, where v,; > m—1 is dealt 

with exactly as in the proof of Lemma 2.3. We shall prove Case 2, i.e. 

v, < m—2. For i = 1,2,...,m—c—k+2 define B; = {b;, Ditm-2 } and 

let T = bm-c-k43 )0m-c—k+4 »+-+;0m-2 be the sequence of the remaining 

elements of B. Clearly |T| =c+k-—4. Since v; < m— 2 it follows that b; is 

distinct from b;,m-2 for i= 1,2,...,m%—c—k+2 and hence, each of the 

B,’s is a set containing two elements. Let W = ST. We claim that W has at 

least c+ k—2 distinct (c+ k—2)-sums. By our assumption that Conjecture 

5.2 holds for k, Zm, and t where t = &, there are at least min{m, (£)? + 1} 

distinct £-sums in S. We can assume that (4)? +1 <m. Since k > 4, it 

follows that |T| > c+ & — 2. Therefore, we can add to each of the distinct 

£-sums from S a fixed (c+ £ — 2)-sum from T, obtaining at least c+ k — 2 

distinct (c+ —2)-sums in W and our claim holds. Let V be the set of these 

sums from W. Applying the C.D. Theorem to By + Bz+-+-+Bm-e-r+2 FV 

completes the proof of Theorem 5.3. NM 

We conclude with a conjecture from [2] which gives another interpre- 

tation to the sentence from the introduction: It is often the case that the 

more residue classes we use, the “more likely” it is to find m integers whose 

sum is 0 modulo m. 

Conjecture 5.4. Let A = a1, a2,...,@, be a sequence of integers. Then A 

contains at least ("?') + (‘2’) subsequences of A of length m whose sum 

equals 0 modulo m. 

Considering a sequence of [$] zeros and |}]| ones we obtain exactly 

(2) + (2) subseguences of A of length m whose sum eguals 0 modulo m. 

The conjecture above was confirmed for m — 3 by P. Dierker and for larger 

m’s it seems to be not an easy problem. 

Addendum. We have recently learned that M. Kisin proved Conjecture 

5.4 if m is a power of a prime or m = p%q, where p and q are distinct primes
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and a > 1, and that Z. Firedi and D. Kleitman proved Conjecture 5.4 for 

a fixed m and asymptotically for n. 
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