
COLLOQUIA MATHEMATICA SOCIETATIS JANOS BOLYAI 

60. SETS, GRAPHS AND NUMBERS, BUDAPEST (HUNGARY), 1991 

On the Maximum Densities of j-th Smallest 

Distances 

P. BRASS 

ABSTRACT 

Let s;(n) denote the maximum number of occurrences of the j-th smallest’ 

distance in a set of n points in the plane, and let c; : = sup, sil) denote its - 

maximum density. It is already known that cj = 3 and cp = 24/7. We prove~ 

asymptotic upper bounds for the c;, show that c; = Oj?) and give bounds for 
cz and cq. 

1. Introduction 

In 1946 Erdés. posed the problem of determining the maximum number of 

unit distances in sets of n points in the plane [5]. This still unsolved problem 

([1},[4],[7],[8]) led to the study of maximum multiplicities of special distances 

in special configurations. Harborth proved in 1974 that the smallest distance 

in a set of n points in the plane occurs at most [3n — /12n — 3| times [6]. 
Let s;(n) denote the maximum number of occurrences of the j-th smallest 

distance among n points in the plane, and c, : = sup, sit) . Vesztergombi 

showed c; < 3j and # < c < 5 [9], which I improved to cp = # [2]. The 
best known general lower bound for c; is of order j 121527 (the corresponding 

pointsets are subsets of the triangular lattice), and it seems improbable
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that any significant improvement can be made on this. The aim of this 

paper is therefore to improve the upper bounds on c;, which is done using 

a geometrical lemma and linear optimization theory. 

2. The results 

Let h(n) denote the maximum number of unit distances among n points in 
the plane. Then we have the following theorem: 

Theorem 1. If h(n) = O(n't*) holds for some « €]0,1[, then c; = 

o (: 1-0) ) holds. 

Corollary. 

follows, since h(n) = O(n’) was proved in [4] and [8]. 

Theorem 2. 
32 27 37 
9 38387 ; $SasST 

The proof of the theorems is based on the following lemma: 

Lemma 1. Let f(c,n) denote the minimum number of distances smaller 

than c among n points on a unit circle. If 22 < 2 arcsin 5 < an then 
k+1 

k-1 nti 

x (ES) ife#2andnZ#k+1 

f(e,n) = = or ifc # 2,n=k+1 and 2arcsin § Z Ér 

0 ifc #2,n=k+1 and 2arcsin £ = 2 

G)-[g] ife=2 

Constructions for the extremal pointsets are given in the proof of the 

lemma. 

We use only the special case c = 1 of this lemma, which states: 

Among n points on a unit circle at least 

f(n) : = f(1,n) = {Te 
10 

ifn <6 
2. 1 in — E] otherwise n-? 

distances smaller than 1.
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3. Proof of the theorems 

Fix j and n and consider a set S of n points in the plane with maximum 

number of j-th smallest distances. Let d; < dz < --- denote the distances 

among points of S (without loss of genérality we assume d; = 1) with d; 

occurring s; times. Denote further with a; the number of points in S with 

exactly i points of S at distance d; (at most 6j points are possible [9]). By 

use of the special case of Lemma 1, we get, since each pair of points lies on 

at most 2 circles with radius d, , the following inequality 

63 

2(s. +--+ +53-1)> >> fai. (1) 
i=0 

Denote with g(j) the maximum number of points in any set S with distance 

at most d; to a fixed point of S. By counting endpoints of distances at most 

d;-1 we get 

g(j —1)n > 2(81 +--+ + 85-1). (2) 
63 

Subtracting (2) from (1) and using n = }> a,, we get 
i=0 

63 

S-(F() — 9G — Iai < 0, (3) 
i=0 

a linear inequality for the (as o ; which describes, together with a; 2 0 for 
6j . 6j 

all i and >a; = n, a polyhedron for the (a;)??,,. Since > ia; = 28;(n) 
i=0 i=0 

holds for the (a;)*2, corresponding to our set S with maximum number of 

j-th smallest distances, we have the upper bound 
1 6j 63 

n(n) < pmax Sia | Soa =m 
170 i=0 : 

SF) — g(j —1))a; < 0, a; > 0 for all ij] . 

Since all restrictions are linear in n, we get 

1 6j 6j 

s 5 a max [ora Soa: =1, 

i=0 i=0 

SF) — 9(j —1))a; < 0, a; > 0 for all i) . (4) 
i=0 
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Proof of Theorem 2. For fixed j we can solve the linear optimization 

Problem (4) exactly (e.g. by the simplex method [3]). For 7 = 3 we use 

that Vesztergombi [9] proved g(2) = 12, so we have 

cz c a = max | i 

18 

S-(f (i) - 12)a; < 0, 
i=0 

18 

Sai = 1,a; > 0 for all i. 

1=0 

  

By this follows 2(s; + 2 +83) < (g(2)+2c3)n < 3n, so we have also proved 

24 

Ca < a = jinx | in So f(t) - ÉL Ja; <0, 

i=0 

24 

Soa; = 1,a,; > 0 for aust. 

170 

  

The lower bounds of Theorem 2 follow from subsets of the point-sets in 

Figure 2. m 

Proof of Theorem 1. Take a set S consisting of a point P and g(j) 

points with distance at most d; to P. Take a disk with radius greater than 

d; and center P, this disk contains S. Then there is a }-sector of this 
disk which contains at least 1+ %g(j) points (including P), among which 

only distances d,,...,d; occur. By the pigeonhole principle, we have one 

distance occurring at least a (1+ 29(3)) (290 )) times, which gives a lower 

bound for h: 

(1+ gal) > i (1+ 5509) (50) : 

The theorem assumed an upper bound of h(n + 1) < en'**, together this 

implies 
. wo 

g(j) < 6 (2cj) ie . (5) 

To solve the family of linear optimization problems which arise from (4) and 

(5) we use that 

  (f(b) — g(d — 1) > GR - Z| — 6Re( —)™ 
where the right side is convex in k, and wy the following lemma:
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Lemma 2. Let w: {0,1,...,n} — R be convex, w(0) < 0, w(n) > 0, and 
intpol,,, intpol,, be the broken line and an arbitrary convex function, both 

of which interpolate w on {0,1,...,n}. Then 

tins | ky 5 wl (k)a, <0 Ta =], Qk > 0 for as} 

k=0 k=0 
= intpol,,' (0) < intpol,,' (0) 

  

holds. 

By this lemma, the positive zero of 27 — 32 — 2 — 6(2cj)= is an 
d 

upper bound for 2c;, which is O(j2179) ). m 

4. Proof of the lemmas 

Proof of Lemma 1. The case c = 2 is trivial, since two points on the unit 

circle have a distance smaller than 2 iff they are not diametrically opposite; 

so we always assume c < 2. 

In the following we will use angular distances between the points on 

the unit circle: two points have a distance smaller than c iff their angular 

distance is smaller than a : = 2arcsin $ (27 ar Sa< 2 by assumption). 

To show that the given function is an upper bound for f, consider 

n points arranged in k groups of |*#*| points (i = 0,...,k — 1) around 

the vertices of an inscribed regular k-gon of the unit circle, such that the 
distances between different ‘groups are all at least c; this can be improved in 

the caaen =k+1,a= 2 ai by taking the vertices of an inscribed regular 
k + 1-gon. 

Next we prove that the function gives the right values fork +2<n< 

2k+1. Denote the angular distances between consecutive points on the unit 

circle with ¢1,...,¢n. Since >> ¢; = 2m and all ¢; are positive, at most 
i=1 

k of the ¢, are greater than a, the remaining n — k therefore correspond 

to n — k distances smaller than c. In the case of n = 2k +1, two of 

the remaining ¢; must be consecutive, and since their sum is smaller than 

Qn — ka < ey < a, their sum corresponds to a further distance smaller
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than c. So we have f(c,n) > n—k for k+2 <n < 2k and f(c,2k+1) > k+2, 

which equals the given upper bound. 

Finally we prove the recursive inequality f(c,n +k) > f(c,n) +n for 

n > k+2. Assume we are given n+k points on the unit circle with minimum 

number of distances smaller than c. Select k of these points by the following 

procedure: Fix P, arbitrarily. Denote with P; (2 <i <k) the first point of 

the given set which follows P;-; in positive orientation and has an angular 

distance of at least a to P,-,. Either each of the remaining n points has a 

distance smaller than c to one of the k points (so removing them gives a set 

of n points with at most f(c,n+k)—n distances smaller than c), or a = ém 
and there is a point P,,; such that P,,...,P,41; form a regular k + 1-gon. 

In this case each of the remaining n — 1 points has a distance smaller than 

c to two of the P;, so removing only k of them we get a set of n points with 

at most f(c,n+k) — [(2 — Zz) (n — 1)] < f(e,n+k)—n (forn >k+2, 

k > 2, since k = 1 in this case implies c = 2) distances smaller than c. 

Since this recursion holds with equality for the upper bound, Lemma 1 is 

proved. 

Proof of Lemma 2. Since the polyhedron 
n 

So w(v)ay < 0,5 > a, = 1,a, > 0 for all v] 

v=0 v=0   
P:= {21-19} 

is n-dimensional with n + 2 restricting hyperplanes (n + 1 nonnegativity 

constraints and >> w(v)a, < 0), in any vertex all but at most two of the 
v=0 

n 

a, are zero. Without the constraint 5> w(v)a, < 0, the optimal solution 
v=0 

would be a, = 1, a, = 0 else, which is not a point of P (w(n) > 0), so 

we can assume 3 w(v)a, = 0. So the optimal vertex contains exactly two 

non-zero variables a, and a, (u < Vv). 

If vy 4 4 +1, then there is some integer index k — Au + (1 — A)v with 

i <«& <v and we can define a new point 4 € R"*? by €: = min({ *, * }, 

Gy := a, — Ab, 4, : = €, 4, := a, — (1—A)€ and @, : = 0 else. We have 

a €P, since G,,4,,4, >0,4,+4,+4, =a, +a, =1 and 

w(u)a, + w(K)a, + wl) a, 

= w(u)a, + wera, — €(Aw(u) + (1 = Aw(v) = ww + (L— d)v)) 
< w(p)a, + w(vja, <0,
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Fig. 1.. The extremal point-sets for the smallest and second-smallest distance 
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Fig. 2.. The best known point- 
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a is 
a 

, and finally 

La, +va,. So there is an optimal vertex 

In this case w(K)a, + w(K + 1)dx41 

Gy, + 4.41 = 1 holds, so the optimal value Ka, + (4K + Dai 7 KT 

du, Cv 18 ZeTO 
a 

furthermore & is vertex of P, since one of 

a, tva, + Ka, = 

with nonzero variables a,., 

, Since La, optimal 
0, Qn+1- 

equals the zero of the linear function which interpolates w on 

which is the only zero of the broken line which interpolates w on 

w(K) 

—w(K+1) 

K+1}, 
w(x) 
{k, 

nt. 

Since the interpolating broken line is the maximum of all interpolating 

convex functions, and w is increasing on «,« + 1, the zero of the interpo- 

lating broken line is a lower bound for the zero of any interpolating convex 

function. This proves Lemma 2. 

{0,1,..
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