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Let F(X,Y) be a binary form with rational integer coefficients of degree 

n > 3 which has at least three pairwise non-proportional linear factors (in 

C[X,Y] ). Moreover, let m be a positive integer and I = {p,,...,p4} be 

a finite set of primes. Two binary forms, say F and G are said to be Z- 

equivalent if G(X,Y) = $-F(aX + bY,cX + dY) with certain integers 
a, b,c,d,e, f for which |ab — bel, lel and If] are composed of p,,...,p,;. For 

an algebraic number field L we denote the set of binary forms F in Z[X, Y] 

of degree n > 3 for which the polynomial F(X, 1) has at least three distinct 
zeros in by F(n, L). The following result is due to Evertse and Gyéry [3]. 

The set of binary forms in F(n,L) for which the equation 

[F(z,y)| = mpy'-...- py inz,y,21,...,%EZ 

with x > 0 or xz = 0, y > O and (2, y,91,...,p:) = 1 has more than two 

solutions is contained in the union of a finite collection of IT-equivalence 

classes. Moreover, the forms in F(n,L) for which the above equation has 
more than 

1+ (¢+1)-min{n(n — 1)(n — 2), [L: Q}} 

solutions belong to finitely many T-equivalence classes for which a full set 

of representatives can be effectively determined. 
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The surprising first part is the best possible, however ineffective and 

there seems to be no way to make it effective. The purpose of the present 

paper is to improve the second part of this general theorem in the important 

special case when the righthand side is 1. 

For an algebraic number field K let ®(n, K) denote the set of irreducible 

binary forms in Z[X,Y] of degree n > 3 having at least one zero in IK. Let 

Dx be the absolute value of the discriminant of K. Two binary forms in 

®(n,K) are said to be equivalent if there is a unimodular matrix a 

with rational integer entries for which G(X,Y) = F(aX + bY,cX + dY). 

One can see that ®(n, K) contains infinitely many inequivalent forms. The 
Mahler-height of F € ®(n,K) is defined by 

M(F)=|F(1,0)|- [[ max{1, lal}. 

F(a,1)=0 

Then we have the following 

Theorem. If F € ®(n,K) and the equation 

|F(x,y)|=1 in (#,y) €Z? (1) 
  has more than 2n +1+ Bata) solutions ((x,y) and (—x, —y) are regarded 

as the same) then there is an F” € &(n,K) with log M(F") < c,D& where 

ci is an effectively computable constant depending only on [K: Q]. 

As a matter of fact we shall prove more what is reformulated after the 

proof. 

Bombieri and Schmidt [1] established the bound en, in general, (with- 
out the restriction on the splitting field of F) where c is an absolute constant 

which can be 215 if n is large enough. Our proof is based on Baker’s method 

and some arguments of Bombieri and Schmidt. 

1. Auxiliary results 

For an algebraic number a let H(a) denote the usual height of it, that 
is H(a) is the maximum of the absolute values of the coefficients of the 

minimal polynomial of a (over Z). Let a;,...,@, be non-zero algebraic 

numbers and 0,,...,6, be rational integers.
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Put 
A, = max{H(a;),e}, t=1,...,n 

Q = (log A1) : . . . " (log An) 

and 

B = max{|b;|, e}. 

The following deep result is due to Philippon and Waldschmidt [5]. 

Lemma 1. If a%! -...-a>= #1 then 

jae -...- a — 1] 5 Bo 

with an effectively computable constant c, depending only on n and 

[Q(a1,...,n) : Q]. 

The next lemma is a special case of a theorem of Gyéry and Papp [4] 

which is also based on Baker’s method. 

Lemma 2. All solutions of (1) with zy # 0 satisfy 

max{log Iz], log |y|} < cs DY? - (log Dx)?” - td tlog M(F)) 

where cs is an effectively computable constant depending only on n. 

Following the terminology of [1] a binary from is called normalized if its 

leading coefficient F'(1,0) is 1 and reduced if it has smallest Mahler height 

among all normalized forms equivalent to F'. This next lemma is proved, 

implicitly, in [1] (in Lemmas 3,6). For compactness we give an outline of 

the proof. 

Lemma 3. Let F be a reduced form of degree n > 1 and (x,y) be a solution 

to (1) with y 4 0. If M(F) > (3/2)” then 

1 
min |z —ay| < ——_———_,,_—___ 

F(a,1)=0 ((M(F))/" ~ i) [yi -1 

Proof. Following the notation of [1] we write x = (a, y) and let a1,...Q, 

be the zeros of the polynomial F(X,1). Put 

L(x) =F — UY, 

and pick an x’ = (z',y') € Z? with a'y — y'x = 1. Set B; = —L,(x’)/Li(x), 
i=1,...,n and G(v,w) = +F(vz + we’, vy + wy’) with the sign chosen 

such that G is normalized. We choose j = j(x) with |L;(x)| > 1 and a
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rational integer m = m(x) with |m — ReG;| < $. Then a simple calculation 
‘gives 

G(v, w) = IIe — Bw) 

and 1 1 

>(|m-B/-—=)ly]—-1, í-1,...,n. Tay 2 (m-BI-Z)bI- 1 t= a.m (2)   

The form G = []"_, (v—(@; — m)w) is normalized and equivalent to F, 
hence 

[[ max, 18:(%) ~ m(x)|} = MCP). 
Thus 

max |8;(x) — m(x)| > M(F))/” 
1Sign 

and (2) implies Lemma 3. 

For 1 <i < nand Yo > 1 let 4; be the set of solutions (x, y) of (1) with 

l1<y<Y and 1 

(x)| < —. IEG9I < 5 
‘Further, let x(i) be the element of ¥; with the largest second component, 

in. so far it exists. Let X be the set of these exceptional solutions and 

& = (UL, X)\¥. Then from the proof of Lemma 6 in [1] we obtain 

(2/7)" (M(F))"' < ¥p. (3) 

:2.: Proof of the Theorem 

We may assume that F is reduced, for otherwise we apply an appropriate 

unimodular transformation. Let ez be a positive number that will be chosen 

later and puti Yo = 4+ M(+?)/(@n(n-2))+e (for simplicity, we write M for 

M(F)). By taking c small, and M large enough we have 

n+2 
X] c ———— 
II s 2(n — 2) 

(i.e. if n > 6.then the solutions with 1 < y < Yo can be 2(1),...,2(n), 
only).
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  If (1) has more than (2n+1+ (ED ) solutions (including the trivial 

one (1,0)) then there are at least (n + 1) solutions with second component 

greater than Yo. Then there is a zero, say ai for which 

min |x —axy|=|e—ory| and | min |x’ — ay] — Iz — a1y] 
1SkSn “1SkSn 

with Yo < y < y’, other words, one of the zeros has at least two “good” 

approximations. We may also assume that |a2 — ai|<...< |@n — al. 

From Siegel’s identity we get 

1 (tn = a) = nei )| [tn — anal — anyi 4) 
(a1 — an-1)(7 — any) lay — an-1| |Z — any 

and the same relation holds with (x,y) instead of (x,y). The discriminant 

of F is a non-zero rational integer, hence lan — ai] 2 1/2 and 

1< I] m-a (Joval. II lag— aj] ] S 

1Si<jSn i=1 1Si<jSn-1 

  

< (2M)"? + (Qlan-1 — a4 |) VM? , 

therefore, 

lan-1 ~Qi| ' < (23 M)rz. 

If M is sufficiently large then 

lan — On-1| > |Qn — 1] + |@n-1 — a 2|an — a | 

jz —Ony| 7 1z— ay (a— anyi © len — aily—1 
  

4 
<- 

y 

and (MV" — 1)y—1> iyM’/, say, and Lemma 3 yields 
4 

  

  

2-1 6344 
jp — eee | — n .2 n-2 e 1 

(a1 — Qn-1)(@ — any) y? Me 

For 0 < 6 < } the inequalities [1 — Al c ő, I1— BI c ő imply 

|1—.A/B| < 46 and by using the other relation with (z', y’) we can eliminate 

the factor (an — @1)/(@1 — Qpn-1) in (4): 

    
L- Any L-An-1¥ 4 

1 -— ————— . —— ] c —. 
3 —an-iy  T—Oany Me 

Let €1,...,€, be a fundamental system of units for K with 

log H(e,)-...- log H{e,) < ce4Dy” - (log Dy) Ql? (cf. [4])
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where cq is an effectively computable constant depending only on [K : Q]. 

The factors  — ayy and x’ — ayy’, i =1,...,n are units in K, therefore, 

an (Pree Te ~an-1y 
T — any T— any 

can be written as pe*™! -...-e* where p is a root of unity and the exponents 

k,,...,k, are rational integers. By applying the “regulator argument” (see 

e.g. [4]) and Lemma 2 one can see that 

  

Je 3/2 
ieee [cs] ~ csDx 

The vanishing of (1 — A) implies z/y = 2’ /y’, however z,y and z’,y' are 

relatively prime, respectively, that is y’ = y and TT = x. Comparing the 

lower bound for |1 — pe* -...- * | given by Lemma 1 with the upper bound 

4/M® we obtain 

log M < csD& 

and the Theorem is proved. 

Remark. Actually, we have proved the existence of an effective constant 

c(K, €) depending only on Dx, [K : Q] and « for which all the solutions of 

(1) except at most n ones satisfy 

n+2 + E 

max{|z|, |y|} < max{c(K,¢), M?n(n-?) © “} 

provided that F is reduced. A similar theorem has been proved by Brindza, 

Evertse and Gyéry [2], namely if F' is an irreducible monic then all the 

solutions of (1) satisfy 

max¢{|z|, |y|} < max{er, M/"} 
where c; is an effective constant depending only on the discriminant of F. 

However, from the viewpoint of the number of solutions this result cannot 

turn out to be useful since the discriminant of F' can be arbitrarily large 

comparing with Dx.
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