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ABSTRACT 

Let X = [X;,;]isicm be an m by n matrix of indeterminates over a field 
1<js < n 

K. Abhyankar defines the index of a monomial in Xj; to be the largest k 
such that the principal diagonal of some k by k minor of X divides the given 
monomial. Abhyankar has given a formula for counting the set of monomials 

in X;; of degree V satisfying a certain set of index conditions. This formula 

gives the Hilbert polynomial of a certain generalized determinantal ideal which 
can be viewed as a polynomial in V with rational coefficients. We develop a 
combinatorial map from this set of monomials to the set of special subsets of 

tuples of nonintersecting paths, called p-tuples of vertical pathoids here, in the 

m by n rectangular lattice of points. A path from (a, 7) to (m, b) ina rectangular 
m by n array is obtained by moving either left or down at each point. The point 
where the path turns from down to left is called its node. A special subset of a 
path containing its nodal set is called a vertical pathoid. Exploiting the linear 
independence of a family of binomial coefficients, we get formulae counting sets 

of p-tuples of vertical pathoids of a given size in a rectangular lattice. This helps 
us to interpret: “coefficients” of Hilbert polynomials of generalized determinantal 
ideals combinatorially. 
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1. Introduction 

Given an m by n rectangular array of points (where the vertices are labelled 

like a matrix), a path from A(a,n) to B(m,b) moves either left or down at 

each vertex. (See Figure 1). Given two sequences of integers 1 < a, < a2 < 

... Cap S< mand 1 < bi < bo <... < by < n; we denote the ordered pair 

of the sequences (a1a2 . . . ap, bib2...bp) by ű and refer to it as a bivector 

á of length p bounded by (m,n). We refer to any p-tuple of paths in the 

rectangular m by n array where the ith path goes from (a;,n) to (m, b;) 

for i = 1,2,...p as a p-tuple of paths based on a bivector a. The path-like 

objects we count here are called p-tuples of vertical pathoids of a fixed size 

which are certain subsets of the p-tuples of nonintersecting paths based on a 

bivector @ of length p. Our proof uses a combinatorial map from the special 

set of monomials in mn indeterminates X;; to the set of p-tuples of vertical 

pathoids, and an algebraic manipulation of Abhyankar’s formula from [1] 

(stated in (2.1) here) for counting the above special set of monomials. 

The principle of the counting goes as follows: Let a family of poly- 

nomials (when V is viewed as an indeterminate over the field of rationals 

Q{f(V)}¥eo give the cardinality of a family of finite sets {Xy}77_,. Let 

{Yr}F- be a family of pairwise disjoint finite sets. We set up a map V 

from Xy to the set U;_, Yr so that for each y in Us_, Ye, © '(y) con- 

tains A(V, E) elements where A(V, E) depends only upon V and E and not 

on y. Thus we get 

|[Xy| = > [Ye |A(V, E). 
E-0 

If we can write f(V) — [5-9 HeX(V, E) where {\(V, E)}$_) is a family 

of Q-linearly independent polynomials in Q[V] we get 

\Ye|= He for &=0,1,2,... . 

We have used the above principle of a combinatorial map and comparing 

coefficients, in [4] to count the number of p-tuples of nonintersecting paths 

based on a bivector ű having fixed number of nodes (definition in section 2 

here) in the m by n rectangular array. The interesting part of this technigue 

is how easily the original counting of monomials affords a decent expression 

for counting a complicated set of path-like objects, which otherwise would 

have been a tedious task.
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These results have arisen from Abhyankar’s questions about the coef- 

ficients of the Hilbert polynomials of the generalized determinantal ideals. 

The generalized determinantal ideals I(p, @) he considered in [1], are gener- 
ated by the 7 by i minors from the first a; rows or b; columns (i = 1,2,...,p) 

of an m by n matrix X of indeterminates as well as all the p+ 1 by p+1 

minors from X, in the polynomial ring K{X] where K is a field. In [1], 

he shows that the special set of monomials (defined in section 2 here) of 

degree V forms a K-free basis for the degree V component of the quotient 

ring et and establishes that these ideals are Hilbertian i.e. their Hilbert 

function and Hilbert polynomial coincide for all nonnegative integers. It is 

shown by explicitly writing this Hilbert function as a polynomial in V with 

rational coefficients. Instead of using usual basis {V"}%_, for that, he uses 
a basis of twisted binomial coefficients ("te )E-o to write these polyno- 

mials. This makes the “coefficients” of Hilbert polynomials a bit hard to be 

interpreted. Our results here and in [4] interpret some of these coefficients. 

If we look at the expression in (2.3) as it stands, it is not easy to see that 

the expression gives a nonnegative integer in general. It follows immediately 

from our results. It would have been nice, had this counting expression been 

a single determinant like those in [2], instead of the sum of several determi- 

nants. We observe in Example III (section 3) that in fact, each individual 

determinant in the sum in (2.3) may not be nonnegative, although the sum 

is. For other recent interesting lattice-path counting results, an interested 

reader may look at [3] or [5]. 

2. Preliminaries and Abhyankar’s Formula 

Given an m by n rectangular array of points (where the vertices are labelled 

like a matrix), a path from A(a,n) to B(m,b) moves either left or down at 

each vertex. The points where it goes from down to left are called its nodes. 

In Figure 1, for m = 7 and n = 6, we illustrate a path from (3,6) to (7, 2). 

The points (4,5) and (6,4) are the nodes of this path in Figure 1. Ifa 

path from (a,n) to (m,b) has nodes at (21,41), (£2, Y2),--->(Le, Ye) and 

Li <2 <... < Ze, its vertical part is defined to be 

(U {(2, yi): Bi-1 < 2S ai) U{(z,b):4.<2<m} 
i=1
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(7,1) B(7,2) (7,6) 
Figure 1. 

where zp = a. The encircled points {(4,5) (5,4), (6,4) (7,2)} are said to 

form the vertical part of the path. Note that the vertical part of the path 

includes its nodes. A subset of the vertical part of the path containing its 

nodes is called a vertical pathoid. 

If we take A;(a,,7), Ao(a2,n),...,Ap(a@p,7) and By(m, b,), Ba(m, be), 

.., Bp(m, bp) where a1 < az < ... < dp and by < be < ... < bp; we look 

at the ordered p-tuple of nonintersecting paths o = (01, 02,..., cp) where 

o; is a path going from A; to B; for i = 1,2,...,p; and o; and o; do not 

share a vertex for i # j, 1 <i, 7 < p. This is a ptuple of nonintersecting 

paths based on a bivector ű — (a1a2 . . . ap, bib2 . ..bp). We fix this bivector 

a for the rest of the paper. The vertical part of p-tuple of paths is the union 

of the vertical parts of the component paths, and the nodes of the p-tuple 

consists of the union of the nodes of the component paths. A p-tuple of 

vertical pathoids is a subset of the vertical part of an ordered p-tuple of 

nonintersecting paths containing the nodes of the p-tuple. It is important 

to see that a p-tuple of vertical pathoids is in fact a set having a unigue 

representation as an ordered p-tuple of vertical pathoids based on a bivector 

a. The encircled points in Figure 2 illustrate a 3-tuple of vertical pathoids 

in the 6 by 8 rectangle and its size is 7. 

Let m and n be positive integers. Let rec(m,n) denote an m by n 

rectangular array i.e. the set of all ordered pairs of integer entries (i, 7) where
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Figure 2. 

1<i<mand1<j<vn. A subset S of rec(m,n) is said to be of index k 

if S contains a sequence of length k given by (21,41), (®2,Y2),---, (Lk, YR) 
where ©; < Zo <... < Up-1 < Ty and y < yo <... < Ye-1 < YR; but no 

such sequence of length k+1. Note that only an empty set has index zero. A 

monomial on the rec(m, n) can either be viewed as a map from rec(m,n) to 
the set of nonnegative integers or a multiset on the set of ordered pairs in the 

support i.e. the variables which actually appear. The index of a monomial 

on rec(m, 7) is the index of its support. The special set of monomials we are 

looking for is denoted by mon((m,n), p,a4,V). For positive integers m,n, p; 

a nonnegative integer V and a bivector ű of length p bounded by (m,n), 

we describe mon((m, 7), p,@, V) to be the set of all monomials on rec(m, n) 

of degree V with index at most p, and when restricted to either the first 

a; — 1 rows or the first b; — 1 columns of the rectangular array, index is at 

most i — 1 fori =1,2,...,p. The set of all such monomials in rec(m, 7) is 

denoted by mon((m, n), p, a). 

For convenience, for an integer A and an indeterminate V over Q, we 

define the usual binomial coefficient as 

-1)..(V-A (4) _ { V(V-1) v +1) A>0 

A 0 A<0 

and the twisted binomial coefficient as 

K ={ V+1)(V+2)...(V+A A>0 
A! 

A 0 A c 0.
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In [1, Theorem 9.8, p. 306], Abhyankar has shown that 

mon ((m,n),p,8,V) = So (1) (msn)vp.a) | oy pl 681) 
DeZ 

where C’ = }ii_, (m — a) + O%_, (n — b;) + p— 1, and for each D in Z, 

Fp ((m,n),p,a)= r(-®# (2 Ve (mn),p.@) (2.2) , 9B) ao D+E-R E , 1h) 

where R = 507_,(m —a;), and for each E in Z and e = (€1,€2,..-,€p) a 
p-tuple of integers, 

. a P n- b; m—ajtj—i Hmm - ATT |b ae, (Mott) 
2 28 J J 4 e€,+eet+...te,=E i=1 

(2.3) 
where det U;,; denotes the determinant of a p by p square matrix whose i jth 
entry is U;,;. If we write an expression in (2.1) as 

|mon((m,n),p,4,V) |= 

> | So (-1)2 FE lon | (n+ 2-p) haz ((m,n),p, a) 
EeZ | vdeZ 

we can use 

> (-1)P-RtE Vv E — V-E 

a C’—-D|\D+E-R S+p-1+E 

where S = )°?_, (n — 6;), and get from (2.1), 

|mon ((m,n),p,4,V)| = }> Hz ((m,n),p, a) 
EeZ 

V-E 

stpli tel: (2.4)
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3. Combinatorial Map and Applications 

In [4], we have shown that there is a map » from mon((m,n), p, 4, V) to the 

set of p-tuples of nonintersecting paths in rec(m,n) based on a bivector @ 

which produces a counting formula for the set of p-tuples of nonintersecting 

paths in rec(m,n) based on a bivector @ having fixed number of nodes. We 

illustrate this map here by an Example. 

Example I. 

  

  

          

    

“os 0 @—_® (3,9) Ae 

» @—® 2 9 (4,9) Az 

. @® 9 : "a | (5,9) Ag 

1—— (d) ® . " 

(6,1) (6,3) (6,6) (6,7) 
1 By 3 4 

Figure 3. 

Let m = 6, n = 9 and @ = (1345, 1367). Let us look at a monomial 

M = Xp X3,X34Xgq-Xa7 X gp X43 X gs X47 X52 X54. X56 X62 X63 XGg Xoo 

where its support i.e. the set of variables which appear, corresponds to 

T = {(1,8),(2, 4),(3, 4),(3, 6),(3, 7),(4, 2),(4, 3),(4, 5),(4, 7)(5, 2),(5, 4), 
(5, 6),(6, 2),(6, 3),(6, 8),(6, 9) }. 

Note that M lies is mon((6,9),4,@). The method of associating 4-tuple 

of paths to T based on 4 is described as follows: 

Start at A,(5,9) and move left along the fifth row until you come to 

a vertex of a column that has a vertex from T below it and then go down 

along that column until you exhaust all of the vertices from T, and at the
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downmost vertex of T there, start moving left until you hit either a column 

of B, or a column which has a vertex of T below it. If you get a column 

of B,, go down to By. If you hit a column which has a vertex of T below 

it, repeat the above process until you reach B,. In the example, (6,9) lies 

below (5,9) and a path from A, has to go to (6,9) and turn left and reach 

B,. Note that (6,9) is a node of the path. 

In the next step, remove those vertices from T which are on a path from 

A, to B, to get a set J, and find a path from A; to B; associated with Ti 

following the above procedure. Now our T; is 

T; = {(1,8),(2, 4),(3, 4),(3, 6),(3, 7),(4, 2),(4, 3),(4, 5),(4, 7),(5, 2),(5, 4), 
(5, 6),(6, 2),(6, 3)} 

and we start moving left from A3 (4,9) along the fourth row and after 

crossing (4,7) we hit the column of B; and just go down to Bz. Note that 

there is no node on this path. 

By removing vertices of T; lying on a path from A 3 to B3, we get 

Th = {(1, 8),(2, 4),(3, 4),(3, 6),(3, 7),(4, 2),(4, 3),(4, 5),(5, 2),(5, 4),(6, 2), 

(6, 3)}. 

Applying the above procedure, we get a path from A, to B, and then from 

A, to B,. The set of nodes for this 4-tuple of nonintersecting paths y(M) 

based on @ is {(3, 4),(4, 3),(6, 2),(4, 5),(5, 4),(6, 9)}. Note that (6,3) is not a 

node because a path does not “turn” there. 

We proved in [4] the following 

Theorem 1. Given positive integers m,n and p and a bivector G of length 

p bounded by (m,n), to each monomial M is mon((m,n),p,4@), we can 

associate the unique p-tuple of nonintersecting paths y(M) based on a. 

The set of nodes of the p-tuple decides the p-tuple of paths completely. 

We want to modify the above map a little bit to get a map from 

mon((m, 7), p,@) to the set of all p-tuples of vertical pathoids based on a. 

Let YW be a map which associates to each monomial M in mon((m,n),p, @), 

the part of M lying on the vertical part of p(M). It is clear that V(M) is a p- 

tuple of vertical pathoids based on 4, as y(M) is a p-tuple of nonintersecting 

paths based on ű. For M in the above example, 

U(M) = {(2,4), (3, 4), (4,3), (5, 2), (6, 2), (4, 5), (5, 4), (6, 3), (5, 6), (6, 9)} 
is a 4-tuple of vertical pathoids based on a. 

From Theorem 1, we can easily see
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Theorem 2. Given positive integers m,n and p; and a bivector a of length 

p bounded by (m,n), to each monomial M in mon((m,n),p,@), we can 

associate a unique p-tuple of vertical pathoids ¥(M) based on a. 

It is important to note that in a p-tuple of vertical pathoids, some 

“components” may be empty sets. We illustrate it by the following example. 

Example II. 

. . —©) A, (1,4) 

. A2(3,4) 

B, By 
(4,1) (4,2) 

  

Figure 4. 

To a monomial M’ = X?,X3,X3,X3,, the above map WV will associate a 
tuple of vertical pathoids given by {(2,3), (3,1)}. Note that {(2, 3), (3, 1)} 

is a vertical pathoid lying on a path from A; to B,, and the contribution 

from a path from A; to B; to it is an empty set. 

The p-tuple of nonintersecting paths in y(M) for each monomial M in 

mon((m,n), p, @) is completely determined by its set of nodes. Since ¥(M) 

contains the nodes of y(M), it is clear that y(M) is the unique p-tuple of 

nonintersecting paths associated with U(M) under y. Thus we have 

Lemma 3. For positive integers m,n and p; and a bivector a of length 

p bounded by (m,n), for each monomial M in mon((m,n),p,@), we have 

o(¥(M)) = 9(M). 

If we look at any p-tuple of vertical pathoids 7 based on a, we know 

that 7 can have at most 57?_,(m— ai) = R vertices in it; since the ith 

vertical pathoid lying on a path from (a;,n) to (m,b;) has at most m — a; 

elements for i = 1,2,...,p. For a given p-tuple of vertical pathoids 7 based 

on ű, a monomial M in mon((m,17),p,4@) will go to 7 under W if the part 

of the support of M lying on the vertical part of y(M) is precisely 7. If 

7 contains E vertices, the number of monomials M in mon((m, 7), p, 4, V)
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V-E 
S+p-1+E 

7 have to appear in a monomial of degree V, and the support of these 

monomials will contain possibly some variables from the }7?_, (n — 6; + 1) 

variables of the “horizontal” (i.e. not vertical) part of the associated p-tuple 

of nonintersecting paths under y. Thus we have 

which go to 7 under W is |: It is clear because E variables from 

Lemma 4. For positive integers m,n,p and a bivector @ of length p 

bounded by (m,n), for a p-tuple of vertical pathoids t based on @ con- 
V-E p-1tE monomials of mon((m, n), p, a, V) taining E vertices, there are | ¢, 

which go to T under W. 

Let pathoid ((m,n),p,a,) denote the set of ptuples of vertical 

pathoids based on @ containing E vertices for nonnegative integer E. From 

Theorem 2, it follows that for a nonnegative integer V, we have 

mon ((m,n),p, 4, V) = U U (¥2(7) J] mon ((m,n),p, a, v)). 
E¢Z r€pathoid ((m,n),p,4,E) 

From Lemma 4, it follows that 

[mon ((m,n),p,4,V)| = >> Ss” | VE |. (3.1) 
E¢Z r€pathoid ((m,n),p,@,E) St p-1+ E 

This gives 

|mon ((m,n),p,4,V)| = 9), Ipathoid((m, n), p,ű, E)| | V—E . 
Éz S+p-1+E£ 

(3.2) 
We have 

Theorem 5. For positive integers m,n,p; and a bivector @ of length p 

bounded by (m,n), for nonnegative integer V , 

V-E 
a = i á, E . non ((m.n)s9,@¥)1 = YO Ipatoid((mn) nN | yl 

When we view a twisted binomial coefficient as a usual binomial coef- 

ficient i.e. 
V-E _(V+S+p-1 

St+p-1+E] \S+p-1+E£/’ 

we see that { (sie E I is a family of Q-linearly independent poly- 

nomials in Q[V] where V is treated as an indeterminate over Q. From (2.4) 

and Theorem 5, we get
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Theorem 6. For positive integers m,n,p; and a bivector @ of length p 

bounded by (m,n), we have for a nonnegative integer E, 

|pathoid (m,n), p, @, E)| = Hz ((m,n),p, 4). 

Remark: We would like to point out that a p-tuple of vertical pathoids 7 

of size E based on G@ can be viewed as those elements of mon((m, 7), p, 4, E) 

where any two vertices of 7 from the same row lie on different components 

of y(r). The other way to view them is as subsets of rec(m,n) containing 

E vertices and index at most p and when restricted to the first a; rows, its 

index is at. most i — 1 and when restricted to the first b; — 1 columns, index 

is at most i— 1 fori =1,2,...,p. 

Example III. Let us consider rec(3, 4), p = 2 and @ = (12, 13). 

  

Figure 5. 

We observe that our Theorem 6 tells that, 

ron (Lea) ey, teg=E 2-2 

For E = 0, it is clear that there is only one tuple of vertical pathoids having 

0 elements and Hj = 1. For E = 1, we have Hj = 6 and the six tuples 
of vertical pathoids of size 1 are shown in Figure 6. The squared point 

indicates a member of the tuple of vertical pathoids based on a bivector a 

having one element.
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A; A 

0 Ao o Az 
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Figure 6. 

For E = 2, H; = 12, for E = 3, H, = 8 and we have Hp = 0 for E > 3. 
Figure 7 illustrates as 12 members of pathoid ((m, 7), p,@) having 2 points 

(they are “squared” in the Figure). 

From Theorem 6 and from the definition of p-tuple of vertical pathoids 

based on a bivector @, we have 

Lemma 7. For positive integers m,n,p; and a bivector ű of length p 

bounded by (m,n), we have for a nonnegative integer E, 

(i) Hz ((m,n),p,&) 2 0, 
(ii) {EF € Z: Hy ((m,n),p, a) 40} = {t€Z:0<i< R} where Z is 

the set of integers. 

It is clear that to each p-tuple of vertical pathoids of size R based on 4, 

there corresponds a unique p-tuple of nonintersecting paths based on ű. This 

tells us that the two sets pathoid ((m,n), p, @, R) and the set of all p-tuples 

of nonintersecting paths based on @ in rec(m,n) i.e. path” ((m, 7), p, @) are 
equicardinal. By using a Theorem of Gessel-Viennot in [2] counting the 

p-tuples of nonintersecting paths in the triangular array and Cauchy—Binet 
Theorem on minors of the product of matrices, we can easily see that
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path” ((m,n),p,a@) = det " Ni a" . 
isi, jsp Ln— b; 

This gives us an interesting determinantal identity 

Ha(limn)pájz Y (re) det ("nae ) 153, 7S 
e, +eot+...tep=R t=1 jap 

Mm— a; 
— det "[. 

1Si, jSp | N—b; 
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