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1. Introduction 

For n > 1, the Eulerian number A(n,k) can be defined as the number of 

permutations of n letters with k runs up (cf. [3], t.II, p.82, and [4], p.34). 
It is easy to see that they verify the triangular relation 

A(n,k) =kA(n—1,k)+(n-k+1)A(n-1k-1) (1) 

and the starting values: 

A(n,1) = A(n,n) = 1. (2) 

(1) and (2) characterize Eulerian numbers, and can be used to compute 
A(n,k) for n > 1 and 1<k <n. Moreover, if we set 

A(n,k)=0 forn>1 and k<0 or k>n+1, (3) 

it is easy to see that A(n, k) still verifies (1) for all n > 2 and k € Z. 
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"In view of the generating function, it is good to define A(0, k). In order 

to satisfy (1) for n = 1, we must set A(0,k) = 0 fork < 0 and k > 2, and 

A(0,0) + A(0, 1) = 1. 

Knuth (cf. [4], p.35) sets 

AG, = =0 and A(0, 1)=1 

while Carlitz et tal. (ef. [2]) and Comtet :(cf. [3]) set: 

A(0,0) =1 and A(0,1) =0 

We shall choose 

A(0,0) = A(0,1) = 1/2, (4) 

and then, the generating function will be: (cf. [4]) 

- (z-1)z 
> A(n, k)=— -=(4 *) = (5) 

n20 OSkSn 

  

Eulerian numbers also verify the symmetric relation: 

Alm, k) = Alm, n—k-+1). " (6) 

The aim of this paper is to prove the following integral representation 

of Eulerian numbers: 

Theorem!1. ‘For n > 0, and k € Z, we have 

A(n,k) = ae) [ ő ay cos((n + 1 — 2k)t) dt. (7) 

In a firstsstep, the proof of Theorem 1 will be given. In fact the proof 

follaws. the, proof of Lemma 2 of §III of [5], where (7) was proved in the 

particular case n = 2p — 1, k = p. It is also possible to define A(n,k) by 

(7). Then, classical formulas (1), (2), (6) can be easily deduced. ° 

In §3, formula (7) will be extended to all k real and an interpretation 

of function k + A(n;k) will be given in terms of Fourier analysis.
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In [5] the maximum 

M, = max A(n, k) 

was extensively studied. In §4 another proof of some results of [5] concerning 

M,, is given or suggested using Theorem 1, and the different behaviours of 

Mon and Mon+1 is explained. 

In §5, by applying the Laplace method to the right hand side of (7), we 

give another proof of Sirazdinov expansion, and we explicitly give one more 

term. 

Finally, an other integral representation of A(n,k) is given, specially 

simple when n = 2k — 1 or n = 2k. 

I am pleased to thank very much L. Lesieur for several ideas and fruitful 

discussions, H. Cohen who pointed out to me the integrals 

~ sin” x 
| = dz, 

0 zx 

L. Comtet for giving me the reference [1], V. Glaymann for kindly trans- 

lating the papers [6] and [7] from Russian, and my grand-daughter Alexan- 

dra Seidel, I was baby-sitting when I proved Theorem 1. 

  

2. Proof of Theorem 1. 

Let us define the Eulerian polynomial: 

An(d)= 32 Alm, RA 6) 
k=0 

The generating function is: (cf. [2]) 

1) as — An(A) 2” 

-at me 27 Q=1)" nl (9) 

with Ao(A) defined by (4) and (8). 

Further, we have for n > 2, and A € C,A#0,1 

CdD 

1 

(A— D)rtin! 2. (loghl tt iargA — 2igm) rt! (10) 

ge 
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with —a < argA < 7. 

In fact, (10) is lemma II of [5]. It is easily obtained by complex 

integration. Next we have from (8) by Cauchy’s formula 

A(n, k) = ie [ AN (XJAT 1 gA 

where C denotes the circle of center 0 and radius 1. Each term of the infinite 

sum is integrable along C, normally for the family, when |A| = 1 so that we 

can transpose the signs f and >>. Hence 

Ak) 1 ga f A=W A 
nl im He Jo (i(arg d+ 2qn))r*? 

g 

  

Next we put A — exp(2it), —r/2 ct £ r/2, so that 

A(n, k) k) 1 tf (e# _ leti e 2itk dt 

o v/2 (2i(t+ qn) 

_ 1 eo (e?*™ _ rni e 2iuk du 

~ (2iu)"*} 

nl o« 
gezZ 

ge Zz =f +n 

- if (yn eit(nt1-2k) gy 
T Jo u 

Taking the real part of the integral yields (7). 

A second proof of Theorem 1 will now be given. For all n 2 0, and 

k € Z, let us define A(n,k) by (7). Let us observe first that the symmetric 
relation (6) is immediate. We shall prove (1), (2), (4), so that A(n, k) will 

thus coincide with Eulerian numbers. 

From the Fresnel integral 

[ta 
0 t mr? 

A(0,0) — A(0,1) — 1/2- and A(0,k) — 0 for k 0,1. (11) 

it is easy to deduce that 

Now, for n > 2, integrating by parts the right hand side of (7) and 

setting 

u = (sint)"*! cos((n+1—2k)t) dv=t" ‘dt (12)
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yields (1) for all k € Z after some trigonometric calculation. 

Finally by (11) and (1), it is easy to see that 

A(i,1)=1 and A(1,k)=0 for k<0 

and by induction on n, to prove by (1) that 

A(n,1)=1 and A(n,k)=0 for k<0 

which, with (6), yields (2). = 

3. Interpolation of Eulerian Numbers 

Let n > 0 be an integer and x a real number. We set 

A(n, 2) = = [ ő ay" cos((n + 1 — 2x))t dt. (13) 
0 

For n = 0, the right hand side of (13) can be calculated from the Fresnel 

integral, and this gives 

A(0,z) =0 # for x<0 and 151 
=1/2 for x=0 and z=1 

=1 for O<2<1. 

It can be seen from (13) that for n > 1, A(n,z) is of class C™"!. 

It will be convenient to introduce the function f such that for all z, 

f(z) = A(0, 2). 
As usual, the convolution f, * f. of two real functions is defined by 

+" 

fi * fa(z) = ha fit) fa(x — t)dt, 

and the Fourier transform is 

+o 

F(fy)= |  f@er*at. 
00
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It is easy to see that 

9(w = F(A) = [ ev dt = = sin (Bev? 

We now define the sequence f, by f; = f and fn = fn-1 * f. From 

the classical properties of convolution, we know that f,41 is piecewise 

polynomial, and that f,,,(z) vanishes for x < 0 and z >n+1. The 

Fourier transform of fn41 iS 9n41: 

dna (4) = FUE Jey) = (AGED) eosimsa , 

and by the inversion formula 

1 (77 wey, 1 [7° /sint mt 
Fn+1 (x) = = | Gn4+1 (y)e'¥? dy = 7 (=) (n41)it4+2ite dt. 

oo T t 

Hence, 

nti (2) = —A(n, x). (14) 

From (14), and the properties of te it follows that A(n,z) vanishes for 

x <OQand x >n+1, and is piecewise polynomial. 

Furthermore, as it has been pointed out to me by L. Lesieur, it is 

possible to give an explicit form of these polynomials: 

Proposition. Let 0 < k <n be two integers. The restriction of A(n, x) to 

the interval [k, k+ 1] is a polynomial P,,,. of degree n which can be written: 

Paste) = TGV Vea (15) 
OSjSk- 

Proof. First we give a triangular recurrence relation for A(n, 2): 

A(n4+1,2) =(n-a2+ 2)A(n, 2 —1)+2A(n,z). (16) 

It is obtained from (13) by an integration by part similar to (12). Then we 

prove (15) by induction on n. We have: 

Poo (x) = 1 

Pio(z)=2 ; Pyi (2) = 2 —2(x-—1) =2-2.
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Further, assuming that (15) holds for n and all k < n, we have to show 

that: . 

Pratjk (&) = (n — 2 + 2)Paa-a (@ —1) + 2Pay (2) 

verifies (15). This is easily done by using the usual properties of the binomial 

coefficients. = 

From a probabilistic point of view, f:can be interpreted as the density 

of probability of a random real variable X taking the value 1 with equal 

probability in the interval [0,1]. So f,4; is the density of probability of a 

random variable Y which is the sum of (n+1) independent random variables 

equal to X. 

Such a point of view has already been given by Sackov (cf. for instance 

[6], formula (3.4) p.44). 

4. Estimations of the maxima 

Theorem 2. For all integer n, let us set: 

My = max fa(@) = faln/2). 
Then the sequence m,, is not increasing. 

Proof. From (14) and (13), it follows 

1 2 f° [si " Mn = ——~A(n ~ 1,n/2) = = [ sind \ at. (17) 

Then, from the definition of f, and the properties of the convolution, it 

is easy to see by induction that f,(z) is increasing for 0 < x < n/2 and 

decreasing for n/2 < x <n. Moreover 

+%* 

fa(x) = . fa-i (t) f(x — t)dt = I. fa-1 (t)dt < mn-1 (18) 

so that 

Mr S Mn-1. 

In [5], it was proved that me, is a decreasing sequence. From the integral 

value of m2, given by (17), this is quite obvious, since | sin(¢)/t| < 1.
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It was also proved in [15] that 

A(2p,p) _ 2 f ° / sint\??t? 
= =— — t 9 H2p--1 ep t Jo t cos t d (1 ) 

is decreasing in p, and that for all p, 

Mopts S Mapt+1 S Mapy3- (20) 

To prove that (2941 is decreasing with its integral representation (19), we 
may observe that 

; 2 TT (TT 
Lb == — costdt 
ttl Tr 0 t 

is obviously decreasing, and that p2p41 and Hap41 are very close. This can 
be put in form, but calculations are a bit technical. 

Similarly, to get (20), we observe that for ¢ small enough, we have from 
Mac Laurin’s formula: 

. . 2 

(>) < cost < (=) . (21) 

It can be proved that (21) holds for 0 < ¢ < 1, and, as above, the proof of 
(20) can be completed with some technical estimations. 

The lag between indices of 4 and m in (20) can be explained: let us 
define for all n, 

bn = max f,(x) 
rez 

so that, if n is even, 

Mn -— M-T Aln — 1, n/2) 
1 

(n— 1)! 
but if n is odd, n = 2p +1, then fn < mn, and un is given by (19). 

Similarly, from (14) and (18), it follows 

A(n, 2) =! fagi (xz) =n! [. fa(t)dt = af A(n — 1,t)dt. 

Since we know that A(n— 1,2) is increasing for z < n/2 and decreasing for 
x > n/2, we deduce that 

for « < n/2, A(n,z) <nA(n— 1,2)
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and for 

zr>n/2+1 A(n,xz) >nA(n-1,2). - 

Therefore, for x fixed the sequence A(n,zx)/n! is unimodal that is to say 
increasing for n < no and decreasing for n > no. 

For z < n/2, using (1) we obtain 

n-2z ~l,z-1)< A(n-1,2 I< 7 An — 1,2) 

but this inequality is weaker than Theorem 3 of [5]. 

5. Sirazdinov’s asymptotic expansion 

Theorem 3. Let x be a fixed real number, and n an integer. Let us define 

I(n,x) - f (=) cos (a) dt. 
0 

When n goes to infinity, we have the following asymptotic expansion 

8 
K(n,2) =e?” (1 s(t — 627 +3)+— (ás (22) 

107 6, 87 a 27 12 "13 )) +0 (Se) . 

~ 4200" " 560" — 2807 " 1120 ni 

Remark. When k = ** +2,/*+!, then, from(7), 

A(n, k) = =(n!)(n + 1,2) 

and the two first terms of (22) coincide with the asymptotic expansion given 
by Sirazdinov (cf. [7]). 

Lemma 1. Let us set 

Ux. (x) -[ e — 27/2 2k cog ya du. 
o
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We have 

Vola) = [5 exn(-2"/2) (23) 
and , az 

Uns (2) = (-1)* 5g (Vola). (24) 
Proof. If we set 

~o 
— 2 -3 

Worle) =f e" /2 qy2k @ ive dy, 

0 
\ 

we have 

Unx (x) = Re(Wox(2)), 

and ph 

Wax (2) = (—i)”* Foe 

Moreover Wo(x) is half of the Fourier transform of the function v > 

exp(—v?/2), which can be found in the tables. & 

  Wo (x). 

Proof of Theorem 3. It will follow the Laplace method. The case x = 0 

has been treated in [5]. The derivative of log sin t is cotgt, and so, for \t| < 7, 

we have: 

  

sint t? t* tf : 22k Bo 
log — — —— — —— — —— — : : : — ék — ... 25 

0877 6 180 2835 2* (2k)! (25) 

where B, are positive Bernoulli numbers. 

From (25) it follows that for |t| <7 

lo sin t < b (26) 

Sy 6 

holds. Now, 

+00 . n 2 +00 

I sint cos a) dt < [ [ 

Jigen \ t 2 182 2 
12 2 wo 

< | exp (5) ata f t "dt 
áz 6 2 

log n 1 -B 
< —_ OOOO <2exp ( = ) + Gop O(n”) 
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where B is a positive number as large as we want. 

+Hence, 

I(n,2) = 

- [* (ntog (224) ) cos (<r) ave 0(0"®) 
Jo bf] 3 

  

  

  

= [* exp (- (5 + a5 + aang 1 011) ) ss (=ty/5)aet oom “ol Gea) (ED ee 
+O(n-*) 

| 
= I(n,2) +0 (8m) ) +0( 78) 

with 

log n = 2 4 6 
J(n, 2) = [ exp (- n= + at 7635) ) cos (ety 5) at 

By setting u = /Zt, we get 

  

  

wow 
J(n,£) = nd exp (- + - = - ; ) cos(usr) u 

ear 2. 
= =f ° exp ( — =) exp(—v) cos(ux)du , 

with 

ut uo 
= 30n " 105n2" 

When n goes to infinity, we have forO <u < Se, 

4; 6 8 uu 4 u 

20n 105n?  800n? 
  exp(-v) =1- +0( 288") 

n>
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and hence 

3 a uw ut us ub 

J(n,2) = ef exp ( 7 7) (1 ~ 20n ~ 105m? * 50077 ) cos(uz)du 
(log n)** 

+ of n7/2 ) 

3 [5 u? ut us us 

~ is [ exp ( 7 7) (1 ~ 20n ~ Tosn? T 50077 ) cos(uz)du 
eo 2 + u n 11 

+f fc exp ( — 5) du) +0(Senh ) . 

3 

Now, by a classical estimation (cf., for instance (5], III 2.3), the first error 

term is included in the second, and, with the notation of Lemma 1 

and, by Lemma 1, the proof of Theorem 3 is completed. @ 

6. Another Integral Representation 

It has been known for a long time (cf., for instance [1], t.II, p.203), that 

for 2<m <n, and n even, 

    

* sin” x n! Hi zm 2 dz 

[ 7e-g-nl merj | 
A similar relation exists also when n is odd. The proof of (27) follows from 

=-aoa | e 7% z™ "1 dz, (28) 

from the Laplace transform of sin” z: 

” -z2 ot n! 
/ e ** sin” adz = 2Thesean @ +40) , (29) 

and from Fubini’s theorem. 

The same method shows that the integral (7) can be expressed as the 

integral between 0 and infinity of a rational function. Unfortunately the 

numerator of this fraction does not look simple.
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Theorem 4. For n > 2, and0<k<(n+1)/2, we have 

~ 271 Qn-ontie (2)dz A(n,k) = =(n-+1)! a (30) 

where Qa.(z) is a monic polynomial of degree d in z, satisfying 

Qoe(z)=1; — Qik(z) = 2; (31) 

and 

(d+k)Qax(z) = 2(d+2k+1)Qa-an41 (z)—(K41)(27+4(d+k)?)Qa-2n41 8 

Proof. Let us set 

J(n,k) = J(n,k)(z) = [ e** sin"t? xcos((nt+1—2k)z)dx. (33) 
o 

Integrating by parts with 

u=sin"t! xcos((n+1—2k)z) dv =e **dz 

in a similar way like (12) gives 

zJ(n,k) = (n+1-—k)J(n-—1,k-1)+kJ(n—-1,k). (34) 

The symmetric relation 

J(n,k) = J(nsn—-k+1) (35) 

also holds. We first prove: 

(n+ 1)!Qn-2n41,4 (2) 

z Thise<ngi-k (22 4 4r?) 

where Q is defined by (31) and (32). 

The proof of (36) is by induction on d = n— 2k +1, for all k > 0. First, 
for d= 0, n = 2k — 1, and from (29), since n + 1 is even 

J(n, k) = (36) 

J(n,k) = J(2k —1,k) = / e ** sin"t! (x) dx 
0 

_ (n +1)! 

ZThises (n+1)/2 (2? + 4r?) 

(37) 
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Further, for d = 1, it follows from (34) and (35) that 

J(n,k) = J(2k,k) = Beg kt 1,k+1). (38) 

If we substitute k + 1 to k in (37), (38) yields 

z (2k + 2)! 

2k+2 2 i<esest (2? + 4r?) © 
  J(n, k) — J(2k,k) = (39) 

So, by (31), (37) and (39) prove (36) for d — 0 and d = 1. Now, we 

suppose that (36) holds for n — 2k +1 <d-—1. From (34) we deduce 

(d+k)J(d+2k—1,k) = zJ(d+2k,k+1)—(k+1)J(d+2k—1,k+1). (40) 

But the above right hand side can be expressed by (36) under the induction 

hypothesis, yielding 

z(d +2k+ 1)!Qa- Lktl (k 4 1) (d + 2k)'!Qa-2,k41 

2 Ilicrc44k (22 + Ar?) z Ilis re d+k-1 (2? + 4r?) 

_ (a + 2k)'(z(d + 2k + 1)Qa- 1k+1 7 (k + 1)(2? + 4(d + k)?)Qa-2,441 ) 

zI[dersaxx (2? + 4r?) 
  

which completes the proof of (36). 

To prove (30), we first deduce from (7) and (28) 

A(n,k) = =| [ e * 2"(sint)"t! cos((n + 1 — 2k)t)dzdt. (41) 

By Fubini’s theorem, (41) gives 

A(n, k) = [ ” 2" I(n,k)(2)dz 

which, with (36) yields (30). 

From (31) and (32), it follows by induction that Qa, is monic, and 

of degree d. It follows in the same way that the coefficients of Q(d,k) are 

polynomials in k with integral coefficients divided by (k+2)(k+3) ...(k+d). 

From the first values: 

Qo = 2? — 4(k + 1)(k + 2) 

Q3,n = 2° — 4(3k? + 12k + 11) 

Quan = 24 — 4(6k? + 30k + 35) + 16(k + 1)(k + 2)(k + 3)(k + 4)
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it can be seen that there is a simplification, and that the coefficients of Qa, 

belong to Z[k]. This fact has been checked: up to d = 20, by the computer 

algebra system MAPLE. 

As a possible hint, we may observe that substituting complex exponen- 

tials to trigonometric functions in (33) gives: 

Jn) = S(-y("t1) (__-1__,__-1_) , TT 9n42 jnt1 j=0 j z—2i(n+1-—j-—k) z+2i(j —k) 

It is possible to. prove by induction that the coefficient of degree d — 2 

of Qak is 

  

AO) (12K? + 121d + 1) + (d+ 1)(8d + 2) 
and the constant coéfficient of Qo, is 

(—1)4274(k +1)(k +2)... (k + 2d). ni 
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