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ABSTRACT 

In this paper we find exact and asymptotic formulae for the number of n 

vertex recursive 3-trees (no vertex of degree greater than 3). We also obtain the 
expected number of vertices of degrees 1, 2 and 3 as well as the expected degree 
of the root of such trees. This is done for both uniformly and nonuniformly 
distributed random recursive 3-trees. 

1. Introduction 

A tree is a connected graph which has no cycles (see [2] for definitions not 

given here). A tree with n vertices labelled 1,2,...,n is a recursive tree if, 

for each k such that 2 < k < n, the labels of the vertices in the unique path 

from the root (the vertex with label 1) to the kth vertex form an increasing 

sequence. Such a tree can be also defined as a result of successively joining 

the ith vertex to one of the first i—1 vertices, for i = 2,3,...,n in accordance 

with some deterministic or probabilistic rule. 

A planted recursive tree is a recursive tree with root having degree 1. 

Let R, and P,,, respectively, denote the family of all recursive and planted 

recursive n vertex 3-trees (no vertex of degree greater then 3).
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A random recursive (planted recursive) tree is one which is the outcome 

of a random process. A tree selected with equal probability from the set 

Rn (Pn) is called a uniform random recursive (planted recursive) 3-tree of 

order n. If a tree is selected with a nonuniform probability distribution from 

some specified set of recursive trees it will be referred to as a nonuniform 

random recursive tree with the corresponding probability distribution and 

type of tree appropriately identified. 

In this paper we find exact and asymptotic formulae for the number of 

recursive 3-trees of order n. We also obtain the expected number of vertices 

of degrees 1, 2 and 3 as well as the expected degree of the root of such trees. 

This is done for both uniform and nonuniform random recursive 3-trees. 

2. Uniform recursive 3-trees 

Our study of uniform random recursive 3-trees requires the enumeration of 

such trees. We proceed by defining a, = 1 and a, (n > 2) to be the number 

of planted recursive 3-trees having order n. Let the function y be defined 

as follows ha 
aj i 

y(z) = 2 . 
izzo 7 

"Then so 

1 a; i y(e)= 0 Se 
i=0 . 

and 

" — Qi+3 3 

y (z) => 7 x. 
#=0 

  

Lemma 2.1. 
1 T 

y(r) = tan(52 + —)=tanz+secz 

Proof. For a planted recursive 3-tree, let deg(k) denote the degree of the 

vertex with label k. To find a, we first observe that the number of planted 

recursive 3-trees such that deg(2) = 2 is clearly equal to a,-1; and second 

that for 0 < k <n—4, (",°)@k4+2@n-k-2 is the number of n vertex planted 

3-trees such that deg(2) = 3 and k + 2 is the order of the planted subtree 

containing vertex 3 and rooted at vertex 2.
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So, we get 

n-4 
n-3 

Qn = Qn-1 + Ss; ( k ) anes dab 

k=0 

= k k+2 On-k-2 
k=0 

From (1) we can write the coefficient of z' in y” as 

t 
Qt+3 Gk+2 Gt-k+1 

tt 44 k! (t—k)! 

_ -y d4— o =. 

(t — 

    

    

Let us compute 

    

  

Therefore, 

with initial conditions 

y(0) —y (0) — 1. 

Solving this initial value problem one can complete the proof. = 

613 

(1) 

(2) 

Expanding tan and sec functions into power series we can find an 

explicit formula for a, in terms of the well known Bernoulli numbers B, 

and Eulerian numbers E, (for definitions and properties of B, and E, see 

for example [6]). 

Theorem 2.1. Forn <1, 

_ { 27(2" -1)n"'|B,| ifn is even, 
|E,-1| if n is odd,
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_ where B,, are Bernoulli numbers and E, are Eulerian numbers. 

Corollary 2.1. Hn — oo then 

On = 2771 ™(n—1)'(1 + O(2°-")). 

Proof. The proof is a simple consequence of known asymptotic formulae 

for Bernoulli and Eulerian numbers. @ 

For later use let us notice more precise estimations 

ant} (n —1)!2" —1 Qrt! (n —1)12" —1 
AEE Seg ec SE 

7 Qn = an m n—Q (3) 
  

Lemma 2.2. Let r,, denote the number of recursive 3-trees of order n. 

Then 
00 

vsz - (ya). 
i=0 

  

Proof. Let r,; denote the number of recursive 3-trees having n vertices 

and root degree i. Then 

Th = A, + Tn.2 + Tn,3 

| 
and 

Qn41 = An + Tn2- 

To evaluate r,3 let k+1>0,/+1>0andn—k—I—3 > 0 be the numbers 

of vertices in the main branches. Then 

n-4 n-k-4 
n—2 n-k-3 

Ta3 = > ( k ana > ( 1 aus Qn-k-I-2- 

k=0 i=0 

The inner sum of the above formula is equal to 

E" (n-k-3 
y I Q142 On- k- 1-2 

i=0 , 

n-k-4 n—k—3 

= 9 l Qj42An-k-1-2 — On-k-1 

170 

n 

= Qn-k — Gn-k-1
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because of (1). Hence we get 

n-4 
n—2 

Tn = Gny+1 + Qp+42 (@n-k — dn-k-1 ) 
k 

k=0 

E (n-2 , 
= An41 + Ak+2 On-k 

k=0 k 
2 

n—2 
->( k esetnek 4 (n — 2)an-i1 tan 

k=0 

n-4 
n — 2 . 

= ( pO On + (n— 2)an-1 + Gn 
k=0 

And finally we get 

n-2 
— 2 

Th = SS (" k J oan u (4) 

k=0 

An alternative combinatorial proof of Lemma 2.2 can be obtained via 

an appropriate compounding of planted recursive 3-trees. 

We make use of the following notation for limits concerning I(n) and 

J(n), two functions of the integer variable n: 

if lim, jet = 1 we shall write I(n) ~ J(n) 

and . 

if there is a constant K such that |I(n)| < KJ(n), for 

sufficiently large n, we write I(n) = O(J(n)). 

Theorem 2.2. 

raw damit 2m 4) 

Proof. The assertion is a direct consequence of the formula (4) and 

estimations (3). @ 

For the accuracy of the asymptotics of Corollary 2.1 and Theorem 2.2 

see Table 1.
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n an an Tn Pn 

1 1 1.3 1 0.3 

2 1 0.8 1 0.7 

3 1 1.0 2 1.7 

4 2 2.0 6 5.3 

5 5 5.0 22 20.3 

6 16 16.0 96 90.7 

7 61 61.0 482 461.7 

8 272 272.0 2736 2645.3 

9 1385 1385.1 17302 16840.4 

10 7936 7935.9 120576 117930.4 

11 50521 50521.3 917762 900922.2 

12 353792 353791.3 7574016 7456083.8 

13 2702765 2702766.7 67354582 66453665.0 

14 22368256 22368251.3 642041856 634585755.9 

15 199360981 199360994.9 - 6530291042 6463837431.7 

16 1903757312 1903757267.8 70589700096 69955114144.7 

17 19391512145 19391512295.1 808090395862 801626559170.0 
18 209865342976  209865342434.2 9766250151936 9696295034829.7 
19 2404879675441 2404879677510.0 124258689304322 123457062757644.0 
20 29088885112832 29088885104489.1 1660195646078976 1650499350988771.5 

Table 1. The number of planted recursive 3-trees an, recursive 3-trees tn, and asymptotics 

an = 27412" (n ~ 1)! and pn = azt nr 2 (41)! 

Theorem 2.3. Let D,,denote the degree of the root of a uniform random 

recursive 3-tree of order n, then 

P(D, = 1) ~ orn, 

P(D, = 2) ~ smn, 

P(D, = 3) =1+O(n'*). 

The expected value and variance of D,, are: 

E(D,) = 3+ O(n"*), 

Var (Dn) ~ smn? 

Proof. First note that 
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then apply Corollary 2.1 and Theorem 2.2. = 

3. Nonuniform recursive 3-trees 

Let pna denote the probability that the vertex labelled n +1 is joined to 
a given vertex of degree d in a random recursive 3-tree of order n. In the 
uniform case png is independent of the degree of a vertex and is equal to + = 
In [9], the model with p,q = 3-45 was studied. In this case the probability 
that a vertex is joined to a specified vertex is directly proportional to the 
degree of that vertex. The consequence is that the higher the degree the 
greater the attraction of obtaining a new neighbor. Here we study the 
probability function p,g = waar for fixed f > 2. This function implies 
that higher degree vertices possess a lower attraction for new neighbors and 
no vertex of degree greater then f is introduced. These are two properties of 
interest in chemical applications [1], [4]. The former corresponds to the fact 
that the fewer chemical sites that are available for bonding (edge formation) 
the lower the probability of a bond being formed. The bounded degree 
condition corresponds to the natural limit on the number of bonds that 
can be incident to a chemical species. A tree with no vertex of degree 
greater than f is called an f-tree. In what follows we obtain results about 
nonuniform random recursive f-trees. 

Theorem 3.1. Let T denote a random recursive f-tree (f > 2) of order 
n 2 3 such that T has t; vertices of degree i (i = 1,2,...,f). Then, in the 
model defined by 

f-d 

(f —2)n+2 

it follows that T will be generated with probability 

Pna = 

1. i “if - d)ta+1 ttape +... tty 

sO), 
where (x), = x(x —1)(a@ —2)...(x —k +1) forz ER, KEN. 

  P(T) = 

Proof. The proof is obtained by induction on the number of vertices. =
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Corollary 3.1. 

For f = 2, P(T) =2?"” 

6.278 
(n+ 1)! 
377 ti gn- ty ~ te 

For f= 3, P(T)= 

For f = 4, P(T)= nl 

Theorem 3.2. Let X,,;, denote the number of vertices of degree k-inva 

random recursive 3-tree with n vertices. Then in the model defined by 

Pna = 35$ we have 

124 4 
E(Xn, , 

(Xn) = 3" +3 + aml) 
1 42 8 

E(Xn , 
(Xna) = 3" +3 ~ n(n +1) 

1 4 4 

E(Xna) = 3” ~3 7+ nmtly 

Proof. It has been shown (see proof of Theorem 1 in [9]) that 

E(Xatir) = (1 — Pa )E(Xna) +1. 

Thus, here we obtain 

n 
E(Xnr11 ) = nage (Xna) +1. 

Solving this recurrence equation with the initial condition E(X2,) = 2 we 

obtain required formula. Adopting formula (3) from [9] to our case we get 

n+1 2 
E(Xn4i2) = aE EX na) + nage (Xa)   

and 1 

E(Xn413 ) = E(Xn3) + nage (Xn). 

Using standard methods for solving linear recurrence equations one can 

complete the proof. = 

We mention here that in the uniform case without restrictions on vertex 

degrees, E(Xnx) ~ n27" (see [3], [5], [7] and [8}).
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Theorem 3.3. Let D,, denote the degree of the root of a random recursive 

3-tree having order n. Then, in the model defined by pag = hee" we have 

6 

n(n +1)’ 
_ 6(n — 2) 

~ n(n +1)’ 

6(n -~ 1) 

~ n(n +1) 

P(D, =1)= 

and 
6 

n+1’ 

6n? — 18n + 12 

Var (Pn) = Tee 

E(D,,) =3-— —~ 

=O (n°). 

Proof. It is easily seen that 

n-1 k 6 -1 

P(D, =1)= IIa - na) "alkr2 nni 

The way of adding a new vertex to a recursive tree implies that (compare 

the proof of Theorem 7 in [9]) 

P(Dayi = 2) = (1 — Pn,2 )P(D, = 2) + Pn P(D, = 1). 

In the case pag = A xe we get 

n+1 2 6 
P(Day1 = 2) = ——P(D, = 2) + ——-——_. 
(Dns ) m4! | )+ yan) 

Solving this recurrence equation one can get the formula for P(D,, = 2). 
The formula for P(D, = 3) one can be obtained using 

P(D, =3)=1-P(D, =1)—P(D, =2). 0 m 

Here we observe that the degree of the root in the above type of 

nonuniform random recursive 3-tree is almost surely 3, just as it is in the 

uniform distribution case. 
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