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1. Introduction 

Let x;, ..., Zy be a sequence of real numbers. We define the discrepancy A 

of this sequence by ' 

1 
A= sup |—#{1<j<N:u< {xj} <v}-—(v—w)], (1.1) 

OS uSv<l N 

where {x} denotes the fractional part of z. (Some authors use this term for 

the quantity NA.) Put 

1 ik; OQ, = v So erika; (1.2) 

the Fourier coefficients of this sequence. A famous theorem of Erdés and 

Turán ([1-2], reprinted in [8, pp. 432-449]) asserts that 

k-1 
1 la; | 

A< B=min- YE. 1.3 < MR ae G (1.3) 

This result found wide response in the literature. Koksma [4] gave a gen- 

eralization to several dimensions. Niederreiter and Philipp [6] discuss its
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connections with the Berry-Esseen type inequalities of probability theory. 

They also give sharp values for the constant implicit in (1.3) 

A different (quadratic) inequality was found by LeVeque [5]. How- 

ever, H. Momtgomery observed that LeVeque’s inequality can be deduced 

from Erdés and Turdn’s up to a constant factor. This led him to ask (on 

the CBMS regional conference on harmonic analysis and number theory, 

Kansas, Manhattan, May 1990) whether (1.3) is the best possible estimate 

of A if only upper estimates of lo] are known. Our aim is to show that this 

is essentially the case. 

In Section 2 we show that the analog of (1.3) is (up to a constant factor) 
the best possible estimate for the discrepancy of a measure in terms of its 

Fourier coefficients. This does not immediately exclude the possibility that 

another estimate may hold for discrete measures. In Sections 3-4 we treat 

the possibility of approximating a continuous measure by a discrete one and 

prove the the non-improvability of (1.3), though in a somewhat less sharp 

form than for general measures. As a byproduct we solve a problem raised 

in [1]. 

Acknowledgement. I profited much from discussions with H. Mont- 

gomery. 

2. The Erdés-Turan inequality for measures 

Let 4 and v be distributions (probability measures) on [0,1). We define 

their distance by 

o(u,v)=  sup |u([u,v)) — v([u,v))I. (2.1) 
OS usv<l 

Let A denote the uniform distribution (Lebesgue measure) on [0,1). By the 

discrepancy of a distribution 4. we mean 

A(u) = o(p, A). (2.2) 

Let 

ple) = f er dy(x) 
be the Fourier transform of u. We have 

A(y) <B=min= +! me (2.3)
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(1.3) is equivalent to a special case of (2.3), namely that for 

1 N 

h= N 3 ő(z), 

j=l 

where 6(x) denotes the point mass at x. Any proof of (1.3) yields also (2.3), 

or even it can be deduced from (1.3) by a limiting argument. 

Our first result is the nonimprovability of (2.3). 

Theorem 1. Let a;, a2, ... be a sequence of real numbers, 0 < a; < 1. 

Write 
4 ke 

wel . 
B= inf 7 + 2. a; /j. 

There is a distribution ys on (0,1) such that |ji(k)| < a,/2°for all k = 1, 2, 
..., While 

A(u) > B/n’. 

Proof. We define another sequence (b;) of numbers as follows. If 7", a; < 
1, then we put b; =a; for all j. If 

m-1 m 

a; <1< Da; 

j=l j=l 

then we put 6; =a, for j =1, ...,m—1, 

m-1 

bm =1- > aj; 

j=l 

and’ b; = 0 for j > m. In any case we have 0 < b; < a; < 1 for all j, and 
also 27 b; < 1. Next we show that 

B, = 2b,/ > B/2. (2.4) 

Indeed, if 50a; < 1, then 

k-1 

\ j=l
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If >a; > 1, then we have 27521 bj = 1, hence Bi — 2. b;/j 2 1/m, and 
also 

m-1 m-1 

2 bj/j- Da /j; 

adding these inequalities we obtain 
: 1 m-1 

Bet 2, a3/j S2Bu. 

j=l 

Now consider a measure ys whose density function (with respect to the 

Lebesgue measure) is 

f(z) = sete) =1+ my b; cos(2mjx -t tj) 
j=l 

with certain numbers tj, to be defined below. The inequality }/b; < 1 

guarantees that f(z) > 0, and the Fourier transform satisfies 

1, ,; b; _ a; 
(7) = —bseti i(7)) = 2 < 4. AG) = se, las 

For any 0 < v < 1 we have 

H(f0, v)) — v — [ DB; cos(2mjz b t;) dx 
0 

- 1 85 (sin(Qmju +t;) —sint;) (2.5) 
on j 3 d 

= 17 sin ngu cos(ju + t;) TT T j J J J/" 

Now consider the function 
bj. . 

g(v) = Ss” 7 sin 7jv]. 

[ se q0=2 Do/j= 22 , 9" or j1I = 1; 

there must be a number 0 < v < 1 such that g(v) > (2/m7)B,. Take this 

value of v and choose t; so that 

Since 

cos(aju + t;) = sgn sinmjv. 

With this choice of the parameters (2.5) yields 
1 2 0,v)) -v =—g(v) > By, p((0,v)) - 9 = 9x) > SB, 

consequently A(y) > (2/1?)B, > B/n? as claimed. Mi
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3. Approximating a distribution by a discrete one 

The distribution we constructed in Section 2 is continuous. Here we find for 
any distribution y a sequence of N points whose distribution is near to u 
in the distance 9 and whose Fourier coefficients are also near to those of LL. 

Theorem 2. Let be a distribution on (0,1). For every positive integer 
N there are real numbers 1, .... ZN such that their distribution v = 
N~1 > 6(a;) satisfies 

o(u,v) <1/N (3.1) 
and 

  

13Vk 9 (3.2) lü(k) ~ 0(k)| < TET min ( VE 9. 

for all k. Moreover, if the measure yp satisfies 

B([u,v)) > B(v — u) (3.3) 

for all0 <u<v <1 with some 1/N < 6 <1, then we also have 

\ii(k) — 0(&)| < Vlog(e + 1) — aN >: (3.4) 

Remark 3.1. = |fi(k) — 0(k)| < k/N follows from (3.1). (3.2) is much 
sharper for large values of k. (3.4) improves (3.2) for k < BN/3. 

For the proof we need a probabilistic inequality. 

Lemma 3.2. Let £1, ..., £, be independent real random variables satisfying 
EE; = 0 and |€;| < 3;. Write n = )>£;, S = ) s?. For every A > 0 we have 

2 

P(n|>A)<2ep-F (88) 
See Hoefding [3]. 

Lemma 3.3. Let £1, .., E, be independent complex random variables — 
satisfying Ef; = 0 and |€;| < s;. Write n = 06, S = os?. For every 
A > 0 we have 

: A . Do: . 

P(\n| > A) < 4exp—Z. (3.6)
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Proof. If |n| > A, then either [Ren| > A/V2 or [Imn| >.A/V2.: Applying 
the previous lemma for the real and imaginary parts of our variables we 

obtain (3.6). 

Proof. of Theorem 2. Let 0 = ty < t) <... <ty =1 be the N quantiles of 

p, that is, t; is a number such that 

w(l0,t5)) < & < n(10, 45). 
We shall select one z; from each [t;-1,t;]; this already guarantees (3.1). 

‘We can represent y in the form 

— Mite thn 
Nn.” 

where each u; is supported in the corresponding [t;-1,t,;]. Let Xi, ..., Xw 

be independent real random variables, X; with distribution 4. We show 

that with positive probability 2; = X; satisfies (3.2) and (3.4). 

The Fourier coefficients of v are 

16 ona 
n — 2mikX; Hk) = = 2. e , 

+ s Jel 

also random variables. Their expectations are 

"Bő — 1 2mikX; 1 2rikz 
E(k) = wy Be -wLJ 7 dul) 

= [er dua) = Alb) 

To estimate the probability that i(k) — ji(k) is big we apply Lemma 3.3 

to the variables 
E; — ezrikXx; _ Ee2rikX; 

j . : 

Write s; = max |é;|, S = S; - Xs. In the notations of Lemma 3.3 we 
have i(k) — ü(k) — 7/N, thus with arbitrary positive A, (3.3) yields, 

N2A2 
4S, | 
  P(o(k) — ju(k)| > Ax) < 4exp— 

With the choice



ON AN INEQUALITY OF ERDOS AND TURAN 627 

the right side becomes 4/(k + 1)?, thus we obtain 

  

Consequently with positive probability all the inequalities 

|2(k) — i(k) < Ag, #=1,2,... (3.8) 

hold with the A, given by (3.7). 

To deduce (3.2) and (3.4) we need to estimate S,. 

By definition we have obviously s; < 2. If k(t; — tj;-1) < 1/2, then 
exp 27ikX; is contained in an arc of length 2rk(t; — t;-1) of the unit 
circle. The expectation must be in the convex hull of this arc, which is 
the corresponding segment. Since the diameter of this segment is 

2sin wk(t; — t;-1) < Iwk(t; — tj-1), 

we conclude that 

8j < 2 min(1, nk(t; _ t;-1)). 

Since a minimum is less than a geometric mean, we have 

95 < 45° rk(t; —t;-1) = 4nk. 

Consequently S, < min(47k,2N), and after substituting this into (3.7), 
(3.8) yields (3.2). 

Assume now that (3.3) holds. Then we have 

—A/N > w(t;- 1,¢;)) 2 Blt; — t;-1), 

that is, t; —-t;-; < 1/(@N). This implies 

a 8; < (2xk)*(t; — t;-1)? < (it; -tj-1), 

hence S < (2rk)?/(8N). Substituting this into (3.7), (3.8) yields (3.4). m
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4. The Erdős-Turán ineguality for seguences 

A formal analog of Theorem 1 for seguences would assert the existence 

of points Ti, ..., Zy whose Fourier coefficients a; defined in (1.2) satisfy 

lax! 2 ax while the discrepancy is not much less than the bound B given in 

(1.3). Such a result cannot hold, since the system of inequalities |a,| < a; 

may not have a solution at all for very small a,; among n consecutive values 

there must be one which is not too small. This observation is the starting 

point of Turén’s theory of power sums and we refer to his book [7] for the 

details. 

We give a result which is, however, in all practical cases as strong as 

Theorem 1. 

Theorem 3. Let a1, a2, .... be a sequence of real numbers, 0 < a; < 1. 

Write 1 #2 
| Baintg + Lali 

There are N numbers 21, .... 2n in (0,1) such that their Fourier coefficients 

a, satisfy 

Qk : k 1 

for all k = 1, 2, ..., while their discrepancy is 

A > B/40. (4.2) 

Proof. Let p be the measure obtained by applying Theorem 1 to the 

sequence (a,). Now we apply Theorem 2 to the measure u = (4+ A)/2 

(recall that A is the Lebesgue measure on (0, 1) ). We have 

A(u’) = A(u)/2 > B/20 

and, denoting the distribution of of the points Ti, ..., In by v we have 

o(v, p’) < 1/N, hence 

i 
“Fe 

Sl
y | A= AQ) — olv, A) 2 oli, A) — eli) — Al) — oly v) 2
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This implies (4.2) if B > 40/N, while if B < 40/N then (4.2) holds trivially, 

since the minimal possible value of A is 1/N. 

The measure p’ satisfies (4.3) with 8 = 1/2, hence (4.1) follows from 

(4.1) and (4.4), taking into account that 

la) = Slay < &. " 

The error term in (4.1) is much smaller than any conceivable estimate 

one can obtain for a;, thus its seems safe to conclude that in any realistical 

situation Erdős and Turdn’s bound gives the correct order of magnitude. 

In particular, in [1] Erdés and Turdn ask the following. Assume that 
the unnormalized sums Na, satisfy 

\Nox| <k for 1<k< NVOtD (4.3) 

with some A > 1. Then (1.3) yields the estimate 

A € NYOtD ; 

is it the best possible? Our Theorem 3 implies that it is, even for A 5 1/3+¢ 
with some e > 0 if N > No(e), and if A 5 1/2 +, then the range of (4.3) 

can be extended to all positive integers. 

The following case is not covered by our result. Assume that az = ... 

= Q,-1 = 0 for some k < N; how small can the discrepancy be? (1.3) 

gives A < 1/k, and this is best possible. To see this, consider the following 

construction. Let E, denote the system of k points 0,1/k,2/k, .... (k—1)/k. 

Write N = kq+r with 0 < r < k, and take g — 1 copies of E, plus one 

copy of E,,,. (This argument also solves the previous problem, even for 

A < 1/3, but does not give the extended range for k.) 

I cannot solve the following. Assume that a2 = ... = a, = 0, but no 

assumption is made about az. (1.3) gives only the trivial estimate; can 

anything better be proved? Or assume that a; = 0 for all 7 < N except 

when j is a prime; how large can A be?
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