
COLLOQUIA MATHEMATICA SOCIETATIS JANOS BOLYAI 

60. SETS, GRAPHS AND NUMBERS, BUDAPEST (HUNGARY), 1991 

The Graph Algebra of Skew Hadamard 

Determinants 

G. SZEKERES 

Suppose all entries in an n x n determinant satisfy |a;;| < 1; what is the 

maximal value of D, = |det a,;|? From Hadamard’s classical determinant 
inequality it follows that D,, < n2, equality occurring if and only if |a,;| = 1 

for all 7,7, and all rows (or columns) are orthogonal to each other. This 

prompted Hadamard [1] in 1893 to ask for the values of n for which such 
determinants exist. 

Suppose D,, is real; then all entries must be +1 and Hadamard’s prob- 

lem is equivalent to Sylvester’s earlier question ((3], 1867) whether there 

exists a +1 “inverse orthogonal” matrix for all orders n = 0(mod 4), that 
is one in which all rows (or columns) are orthogonal to each other. This 

is possibly the oldest unsolved combinatorial problem in existence. It is 

easy to see that for n > 2 the condition n = 0(mod 4) is necessary for the 
existence of Sylvester’s matrices, now traditionally named after Hadamard. 

Since then almost all work on Sylvester’s problem has been concentrated 

on the explicit construction of inverse otthogonal +1 matrices of various 

orders, and related combinatorial designs. Only a small fraction of the 

work has been concerned directly with Hadamard’s original problem. In 

1935 Turan suggested to me that perhaps it would be possible to calculate 

the sum of the 2N-th powers of all +1 determinants of order n; if this 

were possible, then taking the 2N-th root of the result would converge (as
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N — 00) directly to the maximal value all +1 determinants of n-th order. 

We were indeed able to evaluate the sum when N = 1 and 2 for all n [4]. 

Much later I noted [5] that Turdn’s method might become more man- 

ageable if we restrict it to skew symmetric determinants. So let us ask: 

What is the maximal value of a real skew symmetric determinant of order 

2k, with all entries |a,;| < 1. The diagonal entries are of course 0, and so is 

the determinant of a skew matrix of odd order. Hadamard’s inequality now 

tells us that D2, < (2k — 1)*, equality if and only if all off-diagonal entries 

are +1 and the matrix of the determinant is inverse orthogonal. Since a 

skew determinant is the square of a certain form of the entries with integer 

coefficients, D2, = (2k — 1)* for k > 1 can only happen if k is even, but we 

can ask generally for the maximum D2, for all k, even if we cannot suggest 

an expected value for Dex when k is odd. A proof of Dy = (4k — 1)* 

would immediately imply the existence of a skew type Hadamard matrix of 

order 4k. 

Let (a;;) be-a skew symmetric +1 matrix, that is a,j = —aij for all 

i,j and ai, = 1 fori # j. Let Tox C So, be the set of permutations on 

K = {1,2,...,2k} which are products of disjoint cycles of even lengths. 

Then (see e. g. [2], chapter 9) 

det (ai) = DD (- a, 
mE TE 

where v(m) is the number of disjoint cycles of and a, is defined as 

follows: For a cycle y = (kik... koi); Gy = Gkikz kaka +++ Ukai ks and if « 

is the product of disjoint cycles 71,72,---,Yp then ax = Gy, Qy, ..-y,- But 

@;;4;; = —1 hence the genera] term in the determinant is (—1)4") a,- 

where 7” is the (possibly empty) product of disjoint even cycles of length 

‘> 2 and p(x") is the number of these cycles. Let p = p() be the number 

of 2-cycles in 7 so that elm) + p(x) = v(m), then for fixed x” there are 

1x3x...x (29-1) = oe 

We also note that if ¥ = (kai koi- 1. . . . kaki) is the inverse of 7 then az = a, 

since aj; = —@i; and there are an even number of such inversions. Therefore 

we don’t have to list and 7 separately, and with every 17/2 -- . 7, wé have 

2 equivalent ones giving the same @,,._4, - 

  = P(p) permutations 7 € T, with this 7°. 

Let T5, be the set of essentially different products 7” = 7172 --- Yu of 

total length |x| = 2(k — p), 0 < p< k (the empty product included) then
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the determinant is 

det (ai;)= > (-2)M") P(p(t"))ane. 
m"eT 

Take for instance k — 2. T, consists of 

(12)(34), (13)(24), (14)(23), (1234), (1432), (1342), (1243), (1423), (1324) 

hence 

det =a12 421 @34Q43 + G13 @31 B24 G42 + 14041 O23 O32 

— (G12 23434041 + 014443032021 + O13 O34 O42 G21 + 

1224043031 + O14 04209303) + 013032424041 ) 

=3 — 2h 

where © = (1234) + @(1342) + @(1423) - 

Let us calculate (det)” = (3 — 2Z)". We have to know 52. Now 

(1234) @(1234) = 1, 1234) (1342) = —@(1423), (1234) 21423) = —@1342) a8 

seen e.g. from 

Q(1234) (1342) = @12 G23 034 241 113 34042421 = —A23 441 013042 = — 4/1423) - 

Replacing @1234) by @(1342) and @(423) respectively, and adding, we find 

h? = 3-22. 

Set (det) = (3 — 2D)" = by —cyd. We get 

bN-41 — CN41 L= (bn - cn z)(3 - 25) 

=> 3bn _ 3cey E - 2by + 2en (3 - 2), 

bn41 = 3bn + Gen, Cn+1 = 2bn + Ten, 

solved by by = +(9% +3), cw = $(9% —1). This shows that limy—. (by — 
cyX)/N = 9 which is therefore the maximal value of 3— 2%, as it should be 

(since 9 = (4—1)?). Note that to get this result it was not necessary 

to actually solve for by, cy. If B is the matrix B = G 7) then 

(J = BN} (3) and all that matters is the maximal eigenvalue of 
N 

B, namely 9.
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In the general case we want to calculate 

N 

> (-2)8) Plo") ag: 
» cd meT 

The numerical factor in front of a,- depends only on the cycle struc- 

ture of 7” and the factor multiplies }>,.a,+, summed for all 2” with 

the same cycle structure, and characterized by the lengths of the cycles, 
(21m, 2m2,...,2m,) where 

2<m, Sm <...mM,, Mm +mot+...+m, <k. 

Let II, be the set of these partitions m, M,, the set of 7” € To, With cycle 

2p)! 
structure m, Q,, the corresponding factor Qm = (—2)"P(p) = (-2yn Ger 

where p = k —(m, +... +m,). Then we want 

(= Qn YI on) 
mell, ne Min 

To compute this expression we need a multiplication table for the 

Dix-eM,, @x*- Now the product of two az: is a (possibly empty) signed 

product of the a;; in which no a,; appears more than once. Such a term 

can be represented by an oriented graph in which every vertex has an even 

total degree. The algebra of the expressions 7... M,, @x* can be replaced 

in an obvious manner by an algebra of graphs with a suitable rule of mul- 
tiplication which we are now going to describe. 

A (non-directed) graph I on 2k vertices will be called an E-graph if it 

has no loops or double edges, and the edge valency of each vertex is even 

(possibly 0). In particular the empty graph (with 2k vertices but no edges) 
is an E-graph. A connected E-graph is of course Eulerian. 

Given a non-empty E-graph [' with e edges we can equip the edges with 

an orientation in 2° ways. These orientations fall in two classes according 

to the parity of the number of reversals needed to carry one orientation into 

the other. We call such a class of oriented graphs a signed E-graph, with 

underlying graph I. If y is a signed graph then its companion class, called 

its conjugate, will be denoted —7. 

Suppose ¥ is a signed E-graph on K = {1,2,...,2k}. An automorphism 

of 7 is a permutation of its labels which carries + into itself or into —y. If
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every automorphism carries + into itself then y is called proper. This is 

certainly the case if 7 has no non-trivial automorphism. Otherwise (if it is 

not proper) exactly half of the automorphisms carry y into —. For instance 

the signed graph on {1, 2,3,4,5,6} represented. by the directed edges 

132, 1-3, 1-4, 1-35, 2-6, 3-6, 4-6, 5-6 

has 48 automorphisms generated by the transposition (1,6) and permuta- 

tions of the set {2,3,4,5}.-It is easily seen that they all carry + into itself 

and so 7 is proper. On the other hand the triangle 1 —- 2, 2 — 3,3. 1 

(and indeed any circuit. of odd lengths) is carried into its conjugate by an 

odd permutation of the vertices, hence is not proper. E-graphs which are 

unions of disjoint circuits of even lengths are proper. 

Given k let G = G, be the set of all proper signed E-graphé | on: 

K, including the empty graph y. H = H;, denotes the subset of those 

members of G which are disjoint unions of circuits of even lengths. We 

define a multiplication on G as follows: the product 772 is the “signed 

symmetric difference” of 7, and 72, that is the union 7) U2 from which the 

common edges and circuits of length 2 (both illegal) have been removed. 

The remaining edges form a signed graph +7; and if the number of removed 

2-circuits was r (we do not count the removed common edges). then 71772 = 

(—1)"y3. In particular yoy = Y Yo = 7 for all y € G. This multiplication is 

clearly associative and commutative and we can form the (associative and 

commutative) algebra ZG with unit yo and the condition (—1)y = —7. 

We consider now the subalgebra A, generated by the elements 

ln mon 2 a oo ” 
where ljaut(y)| is the number of automorphisms of y and 4” is the graph 

obtained from y by applying the permutation 7 to. its vertices. Note that 

for a non-proper ‘y the sum in (1) would have been 0. On the-other hand for 

a proper 7 each 7” appears |aut(y)| times in the sum, therefore 0, € ZG. . 

The unit of A; is o,, =1. 

If we disregard orientation and labelling, all members in the sum (1) are 
isomorphic. Let G be the set of non-directed, unlabeled proper E-graphs 

on 2k vertices, 6 : G > G the natural embedding of G into G. If f = (7), 

we can write o; for op. Then the elements o,, T € G from a basis for Ax, 

with multiplication table
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or, or, = > Crip ony Cijp = Chip ez (2) 

p=0 . 

where (To, D1,..., Ta) are the elements of G,. Once their order is fixed 
we can just as well write o; for or,, 99 = 1. Concerning the ordering of 
the [; we make the convention that we first list those which are in Hy, 
the set of (non-oriented, unlabelled) graphs which are disjoint unions of 
even circuits of length > 2. These are characterized by partitions m € II,, 
the half-lengths of the disjoint circuits appearing in the graph. The link 
between maximal skew determinant and the algebra A, is now obvious and 
is expressed by the following theorem. 

Theorem. Let the matrix B = B, = (B,;) be defined 

Bip =) WCisp (3) 
#=0 

where m is the number of distinct partitions m € Tk, Q; = Qm, = 
! 

(-2 GF where p = k—(m, +...+m,), and Cjjy are the structure 

coefficients in (2). Then the maximal eigenvalue of B, is equal to the 
maximal +1 skew determinant of order 2k. 

The theorem reduces the existence problem of skew Hadamard matrices 
to the computation of the structure constants of A,. Indeed not all coeffi- 
cients are needed, only those C,;, which refer to products of the members 
of H with members of G. For illustration we take the cases k = 2 and 3. 

(i) k = 2. This has already been treated earlier but we repeat the 
calculation in the graph setting. G (and H) has only one non-trivial 
member, namely the circuit of length 4. Hence m = n = 1, and TI, is 
the graph [_]. It has 8 automorphisms and o, has 24/8=3 terms, namely 
(using the cycle notation) y = 1 + 2+ 3 + 4-1 = (1234), y' = (1342), 
7" = (1423). Let us calculate the only non-trivial product, namely 01. 
Multiply y with the three terms of o1. We get yo from (1234)(1234), —y" 
from (1234)(1342) and —y from (1234)(1423). Replacing (1234) by (1342), 
then (1423), and adding all the terms we obtain 0? — 309 — 291, as before. 
This gives Cooo = 1, Cioi = Coir = 1, C10 => 3, Cha = —2, all other 

structure coefficients are 0. Also ug — 0, Qo = 3, ui — 1, 21 = —2, and we 

get
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3 -2 

a=(% 7) 
with eigenvalues 1 and 9. It follows from the theorem that the maximal +1 
skew determinant of order 4 is 9, as it should be. 

(ii) k = 3. G has five non-trivial members, namely 

Re els Mads B 

the first two being members of H. 

  

      

By a calculation similar to the one before we obtain the following 
multiplication table: 

01017 4509 + 60; — 6o2 + 203 + 604 

0201= 0102 = —801 — 302 — 203 

0103= 80, — 602 — 303 + 120, + 1205 

0104= 20, + 03 + 305 

0105= 03 + 304 — 605 

0202= 6009 — 401 — 802 — 403 + 1204 + 1205 

0203=> —80; - 1202 - 803 + 2465 

92047 302 

02057 302 t 203 — 805. 

This is not the complete multiplication table but it suffices since the struc- 
ture coefficients C;;, are only needed for i = 0,1 and 2. Noting po = 0, 

Hy = Me = 1, Qo = 15, Qi = Q2 = —2, we obtain 

15 -2 -2 0 0 0 

-90 19 18 0 -12 0 
—120 24 37 12 -24 —-24 

0 0 36 37 —-24 —-72 

0 -4 -6 -2 15 -6 

0 0 -6 -6 -6 48 

The matrix has eigenvalues 1, 1, 9, 25, 49, 81 (that is all the odd squares 
from 1 to 9?, with 1 repeated). It follows from the theorem that the maximal 
+1 skew determinant of order 6 is 81. This is lower than the Hadamard 

bound 5° = 125, as it should be since there are no orthogonal +1 skew 

B; —



698 G. SZEKERES 

determinants of order 6. The other eigenvalues are just the possible values 

of +1 skew determinants of order 6 (they are necessarily squares). The 
multiplicity of the eigenvalues appearing in the matrix is presumably the 

number of non-equivalent skew symmetric matrices with that determinant. 

Note added in proof. Recent computer examination of the case k = 4 

has shown that there are 69 proper E-graphs on 8 vertices (including the 

empty graph) and the B-matrix obtained from their multiplication table 

has the eigenvalues (2k — 1)?, k = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 

14, 16, 17, 18, 25, with corresponding multiplicities 13, 9, 6, 8, 7, 4, 3, 4, 

4, 2, 2, 1, 1, 1, 1, 1, 1, 1. It can be easily verified that these are exactly 

the values of the skew +1 determinants of order 8. The multiplicities seem 

to be related to the number of non-equivalent skew +1 matrices with the 

respective determinants (equivalence under multiplication by —1 of rows 

and corresponding columns, and simultaneous permutation of rows and 

corresponding columns). 
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