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1. Introduction 

Consider a planar graph G. An edge h of G is of type (a,b;m,n) if its 
vertices are of degrees a and b and the two faces incident with h are an 

m-gon and an n-gon. The present paper deals with planar 3-connected (i.e. 
3-polytopal) graphs having edges of exactly two types. Let S(a, b,c; m,n, k) 

denote the class of 3-polytopal graphs with edges of types (a, b; m,n) and 
(b, csn, k). In [4] the first step in the study of the combinatorial structure of 

such graphs has been made. The questions of the existence of such graphs 

were solved. The cardinalities of all classes were determined. In the present 

paper we continue the investigation of the combinatorial structure of graphs 

from some classes of graphs with two types of edges. 

For any graph G, let.v;(G) or v; denote the number of i-valent vertices 

of G and s,(G) or s; denote the number of i-gons of G, then (v;(G)) and 
8;(G) is the vertex-vector and the face-vector of G, respectively. (In the 

sequel the superfluous zeros will be left out.) 

Let R denote the class of 3-polytopal graphs with edges of types 

(4, 4; 3,5) and (4,6;5,4) and let T denote the class of graphs dual to those 
from R. It is easy to see, that R = S(4, 4, 6;3,5,4) and T = S(3, 5, 4; 4, 4, 6). 

In [4] it was shown, that both of these classes contain infinitely many graphs.
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Figure 1. 

In this paper we characterize all the graphs from R (or similarly from 
T): they can be generated from the medial (or from the radial) graph of 

the dodecahedron (see (6], [5] or Fig. 1) using one operation. 

More precisely, let Go denote the medial graph of the dodecahedron, 
shown in Fig. 1. It is a planar 3-connected graph with all edges of type 

(4, 4;3,5) and it is easy to see that it is the unique graph with these 
properties. Let L be the configuration obtained from Gp by deleting all 
“dashed” edges in Fig. 1. 

Let G, denote the graph from the class R obtained as follows: Embed in 

every face of a dodecahedron graph a configuration L in such a way that the 

vertices A,,A2,...,Ags coincide with the vertices of the face. Then delete 

the original edges of the dodecahedron graph. 

Let K denote the configuration marked by a thick line boundary in 
Fig. 1 and let N denote the configuration obtained from G, by deleting one 

(any one) copy of configuration K. 

We shall say that a planar graph G has been “enlarged” by the operation 

R, when the configuration K has been substituted with the configuration 

N. We shall say that a planar graph has been “reduced” by the operation 

R™? when the configuration NV has been substituted with the configuration 

K. The main results are summed in the following theorem. 

Theorem. Let G be a graph from R. Then there is the integer n > 1 such 
that:
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1. There is a sequence of graphs Gp, G;,...,Gn, such that Gy is the medial 

graph of the dodecahedron, G,,...,G, are from R, G, = G, and each 

Gi41 can be obtained from G; by the operation R. 

2. The vertex-vector (v4,vg) of G and the face-vector (83, 84,85) of G, 

satisfy the following conditions: 

83 = 20+ 160n, 
vq = 30 + 270n, 

84 = 30n, 
Vg = 20n, 

8, = 124+ 120n. 

Remark. It is easy to see that, by using the duality, we can obtain similar 

results for all the graphs from the class T. 

2. Proof of Theorem 

We begin by presenting three useful lemmas. 

Lemma 1. There exist no 3-valent connected planar graph with the prop- 

erty that all but one of its faces are pentagons, while one “exceptional” face 

is not the pentagon. 

Proof. Let G (if possible) be 3-valent connected planar graph which 

contains exactly one m-gon (m # 5) besides pentagons. B. Griinbaum 

in [2, Theorem 2(k), 3(k), 4(k), p. 272] showed, that: 

If such graph G exists, then 

(i) m = 0 (mod 5) 

(ii) G is 2-connected, 

(iii) s(G) = 2 (mod 10). 

From the famous Euler’s formula 

S16 - djs + 25-(3 — fv; = 12 
. i22 j22 

it follows that . ts i ; 

s(G)=6+m | (1) 

From (ii) and (iii) it follows, that G cannot contain any edge of type 

(3,3;m,m) and that (by using (1)).7 +m = 2 (mod 10) and m > 15,
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respectively. Now we show that the assumption: G contains the pentagon 

with two edges of type (3,3;5,m), leads to a contradiction. Let a (if 

possible) be such face of G. Let e and f denote two edges of type (3, 3; 5, m) 

from a and let x denote the vertex from a which is not incident either with 

e nor with f. Two vertices from a which are adjacent with z we denote y 

and z. Let G; be the graph obtained from the connected component of the 

graph G — {e, f}, which contains the vertex z, by adding the edges yz. 

It is clear that G, is connected, 3-valent, planar graph, all faces of 

which are pentagons except one (or two adjacent) exceptional face(s) and 

one exceptional face is a triangle. In [2, Theorem 2(k)] it was shown, that 

no such graph G, can exist. 

Each pentagon from G contains at most one edge of type (3,3;5,m) 
and so G must contain exactly m pentagons which are adjacent with m- 

gon. From (1) it follows that G contains exactly six pentagons which are 

not incident with m-gon. It is easy to see that it is not possible if m'> 15. 

The lemma follows. Mi 

Corollary 1. For every m # 5 there exists no graph which contains exactly 

one m-gon in the class S(4, 4, 4; 5,3,m). 

Proof. Let G (if possible) be the graph from S$(4,4,4;5,3,m) which 

contains exactly one m-gon (m # 5). Associate the graph L(G) to the 

graph G as follows: The vertices of M(G) will be the vertices associated 
with the triangular faces of G. Any edge of L(G) will join two vertices if 

triangular faces corresponding to them have a common vertex in G. 

Evidently, L(G) is 3-valent connected planar graph which contains ex- 

actly one m-gon (m # 5) besides pentagons. From Lemma 1 it follows that 

such a graph G cannot exist. NI 

Lemma 2. If G is a graph from R, then G has at least one copy of 

configuration N. 

Proof. Let G be the graph from R. Associate the graph M(G) to the 

graph G as follows: The vertices of M(G) will be the vertices associated 

with the 6-valent vertices of G. Any edge of M(G) will join two vertices 

if vertices corresponding to them are incident with the same quadrangular 

face in G. 

Let y be a connected component of M(G) none face of which, with 

the exception of the “periphery”, contains another component of M(G).
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Evidently, 4 contains no 2-gons, since this would necessitate the graph G to 

be 2-connected. Now we show that y does not contain any m-gon (m # 5) 

as its interior face. (By the interior faces of ps we mean all faces of js except 
the periphery. ) 

Let y be the m-gonal interior face of yw (if possible). We denote by 
Aj, A,,...,A,, the vertices of y and by Aj, A2,.-.,Am the corresponding 

vertices to them in G (see Fig. 2a). Let G, be the graph obtained from 

G by adding m “new” edges (the edge A;A;41 for i =,...,m-—~ 1 and the 

edge A, A,,). The graph G; contains, as its subgraph, the configuration (we 
denote it K,,) marked by a “dashed” line boundary in Fig. 2b. All vertices 

of K,, are 4-valent and all faces of K,, are either triangles or pentagons 

(faces a1, Q2,...,Qm are necessarily pentagons). It is easy to see, that Kn 

is 3-connected graph from S(4, 4, 4;5,3,m), which contains exactly one m- 

gon. Using Corollary 1 we see that no such a graph can exist. Therefore all 

the interior faces of are pentagons. 

   
Figure 2. 

Let k denote the number of sides of the periphery of y. The assumption 

k #5 leads in a contradiction to the Lemma 1. This implies that p is the 

graph of a dodecahedron. The existence of pentagons in us (excepting pos- 

sibly the periphery of u) means that in the graph G there is a configuration 

L (see Fig. 1) with A,, Ao,...,As 6-valent vertices and a1, Q2,...,Q5 pen- 
tagons. It is easy to verify that the existence of uy in M(G) means that in 

the graph G there is a copy of the configuration N. The Lemma follows. mm 

There is an easy corollary of the before said lemma. 

Corollary 2. If G is a graph from R, then G has at least eleven copies of 

the configuration L.
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It is not difficult to prove the following lemma. 

Lemma 3. If G is a graph from R, then making in G one of the operations 

R or R™? we get again a graph from R, except the possibility that G = G; 

and we use the operation R. ! ; in this case we get the graph G). 

Now we consider the graph G from R and denote by G™! the graph 

obtained from G by using the operation R™'. An easy calculation shows 

that v4(G~ 1) = u4(G) — 270, vg(G*) = ve(G) — 20, 83(G™ » = 83(G) — 160; 
s4(G 1) = 84(G) — 30; sz(G 1) - = 85(G) — 120. 

If G") is from R, then (by using Lemma 1) we can make again in 
G"! the operation R™!. If G™! is not from R, then (by using Lemma 2) 

G"! = Go. Observe that v4(Go) = 30, sz(Go) = 20 and s5(Go) = 12. 

From the before said the theorem follows immediately. m™ 

Acknowledgements. The author is grateful to the referee for useful 

comments on the earlier version of this paper. 

References 

[1] V. Batagelj, Inductive Classes of Graphs, Proceedings of the Sixth Yugoslav Seminar 
on Graph Theory, Dubrovnik 1985. 

{2} B. Griinbaum, Convex Polytopes, Interscience, New York 1967. 

[3] S. Jendrol’, On the Non-Existence of Certain Nearly Regular Planar Maps with Two 
Exceptional Faces, Mat. Cas. 25, 2(1975), 159-164. 

[4] S. Jendrof and M. Tkéé, Convex 3-polytopes with Exactly Two Types of Edges, 
Discrete Mathematics 84(1990) 143-160. 

. {5] E. Jucovié, Conver 3-polytopes, Veda, Bratislava 1981 (in Slovak). - 

{6} O. Ore, The Four-Color Problem, Pure and Appl. Math. 27 Academic Press, New I 
. York 1967. . 

M. Tkác 

Department of Mathematics, 
Technical University, . Ki 

Svermova 9, 040 10 Kosice, 

Czechoslovakia


